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Mathematics -~ Course 221

OBJECTIVES

221.10-1 Basic Reliability Concepts

1. Given P(A) and P(B), the probabilities of independent
events A and B, respectively, calculate P(A and B) and
P(A or B), using the formulas:

P(a and B) P(AYP(B), and
P{(A or B) = P(A) + P(B) -~ P(A)P(B).
2. Define {a) independent events
(b) reliability

{c¢) unreliability
(d} unavailability of a safety system.

3. Given reliability R, calculate unreliability, Q, and vice

versa.

4. State two methods of improving reliability of safety
systems.

5. Calculate component failure rate, A, given a total number

of failures amongst a given number of components during a
given time interval.

6. Calculate the test interval, T, in years, given the test
frequency in tests per shift, day, week, month, or year.

7. Given information determining any two of the wvariables
Q, A, T, calculate the third variable for a tested safety
system.

8. Given information determining the failure rate of the
requlating system and the unavailability of the protective
system, calculate the annual risk of a reactor power
excursion. :

8. Apply the above principles to calculate the unreliability

of a network of components, given information determining
the unreliabilities of the network components.

April 1980



221.20-1 The Straight Line

1, Define: (a) slope of a line
(b} rise of a line segment
(c}) run of a line segment
(d) =angle of inclination of aline

2. Write down the relationship between

(a) slope m, rise, and run
{b) slope m, and angle of inclination, ©

3. State the significance to orientation of a line if the line
slope is

{a) positive
(b) negative
{(c) 2zero

{d) wundefined

4. Calculate the slope of a line, given

(a) two points on the line

{b} the slope of a parallel line

(c) the slope of a perpendicular line

{d) the equation of the line

(e} the rise and the run of a segment of the line
(f} the angle of inclination of the 1line

5. Given the slope of a line, calculate the change in y
corresponding to a given change in x, and vice versa.

6. Identify whether the eguation of a line is given in general
or slope-intercept form, and convert from the one form to
the oOther.

7. Find the equation of a line, given

(a) two points on the line
(b) one point on the line and the slope
{c) the slope of the line and the y~-intercept

8. Graph a line given its equation.



221.00-1

221.20-2 The Derivative

1.

State that for a linear function f£(x} the following are
equivalent:

{a) the slope

{b) ~ the 'instantaneous' rate of change of f with respect
to x at any point on the graph, v = £{x}.

(¢) the average rate of change of f with respect to x over
any X-interval.

Define the derivative of a function f(x).

Recognize and use the notation:

d
(a) 3§ (b) £'(x)

State that the graphical significance of £'(x) is that
£'(x) is the slope of the tangent to the curve v = f{x) at
(x,f(x)).

State and apply the rules for differentiating the following:

(a) x™
{b) cf(x)
() ¢

(d) f£(x) % g{x)

221.20-3 Simple Applications of Derivatives

1.

Given the function f£(x), find

(a) the slope, and
{(b) the equation of the tangent and normal to the curve
y = f£(x} at any given point (X1, yi1) on the curve,

Differentiate a given polynominal displacement function to
obtain the corresponding velocity function.

Differentiate a given polynominal velocity function to
obtain the corresponding acceleration function.
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221.20-4 Differentiating Exponential Functions

l.

Differentiate functions of the form

(a) £(x) = ke9(¥)
(b) £(x) = P(x) % keI X!

]

where k is a constant, and g{x) and P(x} are both
polynominals.

Given the nuclear decay formula, N(t) = Noe-kt, prove that
dN:—-
(ay ¢ AN

_ aaAt _ _aN
(b)  A(t) = Ase "7, where A = -3¢

Given any two of the variables A, A, N (activity, decay
constant, number of radiocactive nuclei, respectively),
calculate the third wvariable.

Given any three of the following variables, calculate the
fourth variable:

(a) N, Ng, A, t (see nuclear decay formula above)
(b) A, Ap, A, t (see activity decay formula above)
{cy P, Py, T, t {see power growth formula below)
Given the reactor power growth formula P(t} = P;,et/T
prove that

(a) Q:Ei = B
dt T
d 1

(b) ElnP =5

State the advantage of
(a) a log power signal (over a linear power signal) for

power indication and control
{b) a rate log power signal for reactor protection.
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221.20-5 The Derivative in Science and Technology

l'

Translate a given verbal rate-of-change statement into a
differential equation, and vice versa.

Given a sketch showing the fluctuation of a controlled
parameter about set point, sketch on the same time axis,
typical corresponding proportional component, derivative
component, and total response of a proportional-derivative
controller.

For the case of tank level control via regulation of inflow,
sketch typical level fluctuations following a step change
in outflow for

(a)} proportional only control
(b} proportional plus derivative control

State twoe advantages of adding a derivative component to
proportional control.

221.30-1 The Integral

State that integration is the opposite of differentiation.
Recognize and use the integral notation.
Integrate functions of the following forms:

(a) f(x) = O
(b} fi(x) = x"

(c) f(x) = e” X gr(x)
(d) £f(x) gi{x) * hix)

i

[HE |

Given an acceleration function, obtain the corresponding
velocity and displacement functions by integration.

Given a velocity function, integrate to obtain the
corresponding displacement function.

Given the equation of a curve, v = £(x}), find the area
under the curve in the interval x = a t0 x = b by evaluating
the appropriate definite integral.
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221.30-2 Applications of The Integral as an Infinite Sum

l.

Find the area bhetween two curves (one of which could be an
axis) by applying the 'slice technique', including a diagram
showing representative slice.

Given force F as a function of displacement x, calculate
the work done by this force acting through x = a to x = b.

Given a sketch showing the fluctuation of a controlled
parameter about set point, sketch on the same time axis
typical corresponding proportional component, reset
component, and total response of a proportional-integral
contreller.

For the case of tank level control via regulation of inflow,
sketch typical level fluctuations following a step change
in outflow for

(a} proportional only control
{b) proportional plus reset control.

State the advantage of adding a reset component to propor-
tional control. \

L.C. Haacke
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Mathematics -~ Course 221

THTRODUCTION

I COURSE CONTENT AND ORGANIZATION

{(a) Content
This course provides an introduction to two topics:
(1) equipment rveliabhility evaluation, and
(2) caleulus.

Reliability is a specific engineering topic, whereas
calculus is a basic mathematical tool. Although
slicghtly more advanced reliability theory involves the
use of calculus, as does practically every branch of
science and technology, reliability and calculus appear
in this coursce as wnvaiated hopics.

Reliability caiculations previde guantitative (ie,
numerical] answers to such questions as the following:

- How reliable is this equipment?

- What is the annaal visk of a reactor acci=-
dent?

- How frequently should this safety system be
tested?

Calculus provides the nctation and techniques for solv-~
ing two general classes of problens:

(1} How to find the true, or 'instantaneous' rate
of change of one variable with respect to
another, given the one as a function of the
other (differential caleulus), and:

{2) The inverse of problem (1) - How to find one
variable as a function of another, given the
rate of change of the one with respect to the
other {(integral calculus).

These technigques are applied first to the familiar
quantities of velacity and acceleration, and subse-
quently to the time-dependent phenomena of reactor
power growth, nuclear decay, water purification by ion
exchange, and negative feedback in control loops.

This text makes no pretense at rigor. The least pos-

sible content and formalism have been introduced to
reach the goal of treating the above applications,

April 1980 | -
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{(b) Organization

S5ix lessons reprinted from levels 4 and 3 Mathematics
have been placed in front of the level 2 lessons.

These six lessons provide essential background for the
level 2 lessons. (Trainees will be checked cut on the
skills of these level 4 and 3 lessons only as these
skills are involved in doing level 2 test items.) The
text concludes with four appendices containing review
exercises, selected AECB examination questions, methods
of solving gquadratic equations, and assignment answers,
respectively.

IT SUGGESTIONS REGARDING USE OF THIS TEXT

(1) Before becoming engrossed in the details of any lesson,
scan its entire contents, paying particular attention
to headings. Try to formulate a general 1mpre551on of
what you are expected to learn.

{2} Work through examples written into the text, referring
to the text as necessary. Persist until you can work
examplies unaided.

(3) Do ALL assignments at the conclusions of the lessons.

(4) Practice your skills on the numerous review exercises
provided in Appendix I.

ITT WHY CALCULUS AT LEVEL 27?

Calculus has formerly been reserved for level 1 in the NGD
training program. Calculus is now being introduced at level 2,
but this course is far more introductory and narrower in scope
than the c¢ld level 1 course, Whereas the old level 1 course was
first vear uvniversity level, this course is sub-OUntarioc Grade 13
level.

Any discussion of training course content must be held in
the light of the prevailing philosphy of training. To choose
contrel room operator as an example of a position for which level
2 mathematics is prerequisite, two possible training phllosophles
are as follows:

(1) The operator needs to know nothing more than the appro-
priate response to each possible annunciation or se-
quence of annunciations, ie, he is 'programmed' to res-
pond to every eventiality. Thus his training should
consist entirely of rote memorization of procedures.
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(2} Some operating procedures and emergency procedures must
be learned and practised to the point where they can be
performed without first having to think them through,
but the operator should understand the plant systems
well enough that he can make reasoned responses to such
other plant situations as may arise.

Some companies lean towards philosophy (1) above, but there
are problems with it. For one thing, the number of possible com-
binations and permutations of annunciations in a CANDU control
room is so large, that to memorize detailed procedures for each
one of them is impractical. Secondly, playing the role of a pro-
grammed robot could be demoralizing - people generally like to
feel that they know what they are doing, and perform better when
this is the case.

In any event, Ontarioc Hydro leans to philosphy (2). BSo does
the AECB. Consegquently, the prospective operator gets his level
2 training courses. And writes his AECB's,

Calculus provides the concepts, notation, and techniques
necegsary to a gquantitative analysis and description of science
and technology. Introductory calculus is therefore relevant
background to other level 2 training, which concerns various as-
pects of nuclear science and technology. For example, the back-
ground knowledge of exponential and logarithmic functions, and of
rates of change and integration, provided by this course, facili-
tates a quantitative or gemi-guantitative discussion of reactor
power changes and nuclear decay phenomena in the level 2 Nuclear
Theory course, and of derivative and integral control in
Instrumentation & Control courses.

A perusal of Appendix T confirms the relevance of 221 course
content to the AECBR examinations sat by operators. The point
here is not that the AECB requires quantitative analyses with
formal applications of calculus, but rather that the trainee is
examined on subjects whose gquantitative analysis certainly does
involve calculus, and that the trainee with the background funda-
mental to understanding such subjects on the (higher) quantitative
level is better able to understand and discuss them at the (lower)
qualitative level. In fact, one of the best arguments for pre-
senting calculus at level 2 is to ensure that the trainee can do
it.

What of the job relevance of this course (aside from licens-
ing requirements)? Continuing with the example of control room
operator, let one concede at the outset that the operator will
probably never be regquired to differentiate or integrate a func-
tion in the control room. Neither will he be regquired to recite
Science Fundamentals nor even Equipment & Systems Principles.

ALL of this training provides the operator with the conceptual
framework and background knowledge necessary to 'evaluate the
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board', and make reasoned responses based on such evaluations,
ie, this training is a consequence of implementing philosphy #2
on the previous page. In the parlance of the training theorist,
calculus skills are "mediating skills™ - skills not practised
directly on the job, but facilitating job performance indirectly.

Of two people with similar native abilities examining the
same control panel, the same faulty circuit, the same AECB exami-
nation, the same design manual, etc, the one with the richer web
of relevant concepts and more extensive relevant knowledge in his
background will, on the average, absorb what he sees faster, and
analyze, apply, or synthesize the input more readily, because his
brain has more reference data, more familiar stimuli with which
to associate the new stimulus. In short, the richer one's rele-
vant background, the higher is his potential job performance.
Note the key word "relevant" in the foregoing - this argument
cannot be used to justify NGD training courses in Babylonian
architecture or ancient Near-Eastern literature, but it does vin-
dicate introducing a control room operator, who interacts inti-
mately with CANDU technology, to the mathematics which enables a
quantitative description of that technology.

The foregoing argues generally in favour of level 2 calcu-
lus; the following are two specific examples of where Mathematics
221 content impinges on control room operation:

{a) Understanding the significance of linear power, log
power, linear rate power and rate log power (cf
Appendix 2), and:

(b) Interpretation of graphical representations of various
physical parameters.

This brief apologetic concludes with a few comments on the
following red herring: "I'11 forget how to differentiate and in-
tegrate within days of writing the check-out, so why study calcu-
lus at all?" To begin with, memory-fade is a universal fact of
life, true for all courses. If it were a legitimate basis for
abolishing this course, it would be an equally legitimate basis
for abolishing most courses. But it is not a legitimate basis
for abilishing any course, because there 1s a useful residual to
instruction/learning, which exists apart from the specific de-
tails of mathematics, history, literature, science, etc. This
residual of one's general education consists of such things as
the facility of critical analysis and an appreciation of the sig~-
nificance of the terms "objective" and "subjective". This resid-
ual remains long after the student's memory of specific details
is all smudge and blur.

The useful residual of this course is envisaged to be con-
cepts of function, rate of change (curve slope, derivative)}, and
summation (area, integral), plus an ability to think guantita-
tively about time-dependent quantities, an ability which depends
largely on exposure to the mathematics introduced in this text.

- L..C. Haacke
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Mathematics - Course 421

STANDARD NOTATION

Introduction to Powers of 10

A power of 10 consgists of the bgse 10 raised to some
exporient:

power

lOné——-—exponent
*——_base

10" stands for n factors of 10. For example,
10° = 10 x 10 x 10 'x 10 x 10

Definitions:

-

100

10° =1

1000
100
10 -

[
fy
-

Ho#owi

10-1= .1
107%= ,01
10-%= ,001

Powers of 10 are multiplied according to the format,

100 x 10™ = 1onfMm

’

since {n factors of 10) x (m factors of 10) = (m+n)} factors of 10.

Powers of 10 are divided according to the format,

100
1gm

= lon_m

August 1978



Example 1: 10° x 10% = 10°+% = 1013
Example 2: 10° x 10 °%= 10°8+(=5) = 1903

Example 3: 10°
108

= 10° "% = 107°%

Example 4; 10° — 8= (-5}

10 = 103
10=°®

Example 5: 10° x 1077 x 10% _ 10% +(-7)+s3
1071 x 108 10=11+3

10!
107¢

il

10t~ (%)

= 10°

Combining Powers of 10 with Decimal Coefficients

A power of 10 can be combined with a decimal coefficient,

eq, 4,1 x 10°
A
f power of 10
coefficient

Recall that shifting the decimal point left one place
decreases a number by a factor of 10. Thus the decimal mdy
be shifted left n places in a number if it is multiplied by
10 to compensate.

eq, 4= .4 x 10!
— 2
= ,004 x 10°
etc.

Similarly, shifting the decimal point right one place
increases a number by a factor of 10, Thus the decimal may be
shifted right n places if the number is multiplied by 10~1 to
compensate.
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eq, 4. = 40, x 10™!
- -2
= 4000, x 1073
LW |
etc,

Il
n
(¥
co
=
e
]_I
o

[

Example 1: 5280
[ W

Example 2: 0,0043 = 4.3 x 10~°

Example 3: 65.4 x 102 = 6.54 x 102 x 10
= 6.54 x 10°

(1 move left = 1 additional factor of 10
> exponent increases by 1)

Example 4: 0.0571 x 107° = 5,71 x 107° x 1072
= 5.71 x 107°

{2 moves right = exponent decreases by 2)

Standard Notation

To express a number in standard notation (S.N.]) rewrite
the number with one nonzero digit left of the decimal point,
and multiply by a power of 10 to compensate.

Example 1: Distance travelled by light in one year, ie, one
. light year is

9,460,000,000,000,000 = 9.46 x 10!5 meters

Example 2: Fission cross section of U??®° nucleus, for
thermal neutrons is

0.000,000,000,000,000,000,000,58 = 5,8 x 1022 cm?

Example 3: 613 x 10* = 6.13 x 10°

Advantages of Standard Notation

(1) Convenient notation for very large or very small numbers
(cf Examples 1 and 2 above}, for both ease of writing
and ease of comparxison.



(2) PFacilitates rapid mental calculation.
{3) Shows number of gignificant figures explicitly, where

ambiguity might exist in ordinary decimal notation
(cf lesson 421.10-2).

The Four Basic Operations with Numbers in Standard Notation

1. Add numbers in standard notation according to the format,

ax 107 + b x 10" = (a + b) x 108

[

Note that both numbers must have the same power of 10, and
that the power of 10 does not change in the addition
(similarly for subtraction}.

Example 1: 2 x 10% + 3 x 10° (2 + 3) x 103

5 x 10°%
Example 2: 4.73 x 107°+ 2.18 x 10™° = 6.91 x 10~°
Example 3: .93 x 10°* + 4.51 x 10°

= 6.93 % 10% + ,0451 x 10%® (convert to same powers)

il

6.98 x 10° (Sum justified to 2 D.P.)
Example 4: 9.78 x 10'? + 5,14 x 10}

.78 x 10*'2 + ,514 x 10'? (convert to same powers)

il

h

10,29 x 10'2  (Sum justified to 2 D.P.}

3!

1,029 x 10'? (Adjust decimal, power to recover
answer in 5,N.)

2, Subtract numbers in standard notation according to the format,

[
I a x 109 - b x 10" = (a - b) x 100 1

Examnle 1: 7 % 10° - 3 x 10° = 4 x 10°
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Example 2: 4.65 x 107°~ 9.24 x 10—19

= 4,65 x 10~%- 0,0924 x 10~% (convert to
same powers)

= 4,56 x 10™% (difference justified to 2 D.P.}

Example 3: 6,25 x 10!'% ~ 11,3 x 10%°

= 0.625 x 10'® - 11,3 x 10'?(convert to same _
powers}

= ~10,7 x 10'?® (gifference justified to 1 D.P.)
= -1.07 x 10'* (adjust decimal, power to

recover answer in S8.N.)

Multiply two numbers in standard notation according to
to the format,

(a x 10N (b x 10M) = ab x lontm

)

Example 1l: 2 x 10% x 3 x 102 (2 x 3) x 10°%+2
= 6 x 10°

Example 2: 4.7 x 10° x 6.2 x 10-%

29 x 10° (product justified to 2 §.F.)

It

2.9 x 10* (express answer in S.N.)

Divide twe numbers in standard notation according to

the format, '

(a x 10%] % (b x 10M = (a % b} x 1007

(7 + 2) x 108-(-2})

Example 1: (7 x 10° ) % (2 x 107?)

3.5 x l0°f



Example 2: 2.4 x 10° + 6.9 x 10°

0.35 x 10™* (quotient justified to 2 S.F.}

Il

3.5 x 10~° (express answer in S.N.}
P

Evaluating Complex Expressions Using Numbers in Standard Notation

{1} Do operations in established order of precedence {cf
lesson 421,10-1).

(2) Retain one more D.P. or S§.F. than justified in interme-
diate calculations (to avoid introducing unnecessary
'rounding~-off erxror'),

(3} Round off final answer to correct number of digits
Justified,

(8.1 x 10") + 1.7 x 10™% x 4.6 x 10°

_E_xa.mgle 1: 2.2 x 102

= 0.272 x 1072 + 7.82 x 10-3 (%, x precede +; retain
3 S.F. temporarily)

it

2.72 x 107% + 7.82 x 10™% (convert to same power}
= 10.54 x 107° (last digit not significant)
= 1.05 x 107? (answer in S.N.)

Example 2: Recall that division bar acts as a bracket, requiring
evaluation of numerator and denominator prior to

division, as follows:

7 x 10° + 2.1 x 107
6,8 x 10'* x 1.4 x 10°°¢

7 7
- 47 x 107 + 2.1 x 10 (convert to same powers in

6.8 x 1,4 x 101! *+(-%) numerator)
7
- 2.57 x 10 (retain extra digit temporarily}
9.52 x 10° '
= £.27 x 107 {answer justified to 2 S.F.)

= 2.7 x 10t {(answer in S.N.)
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ASSTICGNMENT
Evaluate: (a) 10? x 10" = (b} 10°% %+ 10% =
(c) 10°% x 10™3% = (&) 10°% % 1073 =
(e) 10™% x 10™* = (£} 10! $ 102%2° =
{(g) 10* x 10™% = (h) 10* + 10°% =
Change to a simpler form:
(a] .i_ - (b) 1 =
102 106 x 10°
(g) —— = (d) L -
1072 10°% x 10°
(e] - —.J—'._-. = (f) 1 =
107 10~ 3
() 10° x 107 _ (py 10717 x 3017
10°8 10%2°% x 10~°
1y 0-llx 1077 3 102! x 10717 _
10™°® 10% % 10% % 10°
3 102 3 17
(k) 10 - (1) 102 x 10°% x 10!7 _
10712 x 102 10* x 107

Rewrite the following in decimal form:

a) 10°%
c} 1l0°
e) 10°

b)
d)

f)

1073
10-8

107"



(a)
(b}
(c)
(d}
(e)

(a)

(b}

{c)

(d)

{e)

Convert the following to standard notation:s

(a)
{c)
(e}
)
(i)
(k)
(m)
(o)

165 000
37.5

2934

10000

~249

176 x 1077
957 x 102

.024 x 10°

Calculate the following:

3,3 x 10% + 1.5 x 10°% =

4.6 x 10'% + 9.9 x 10%t

9,4 x 10'% - 1.2 x 10*

7.5 x 102 - 5.0 x 10% =

4.5

X

1012 - 4.5 x 109 =

i

(b}
@
(£)
(h)
(3}
(1}
(n}
(p}

.00693
. 025

.00101

.00020

.97

.0027 x 10°
0175 x 10712

.032 x 10"

Express answers in scientific notation:

3.7 x 10% x 2.5 x 10°

2.5

9.7

X

X

If

10?7 £ 3.6 x 10°% =

10'% x 3.3 x 10*° _

9.5 x 10?%°

2 ox 103 x 2.2 x 107172

»

10'° x 9.9 x 10°

x 107'% x 1.1 » 10!

w

10° x 7.0 x 10~¢



7.

Express answers in scientific notation.

(a) 7.5 x 10%® + 5.0 x 103 x 2.0 x 107! _
2.5 x 10% x 3.0 x 10

(b) (8.6 x 107! + 9,9 x 107'% ) x 2.0 x 10'?% _

4.6 x 10% x 5.0

.. Haacke

421.10-4
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Mathematics =~ Course 421

ALGEBRA FUNDAMENTALS

I

February 1979

Introduction

Basic operations in algebra are the same as they are
in arithmetic, except that letters are used to stand for
numbers. This gives the advantage that one can manipulate
numbers without knowing their values. As will be seen in
lesson 421.20-2, this advantage is useful in setting up
and solving proportions, manipulating formulas, and
solving problems in one unknown,

Evaluation of Algebraic Expressions by Substitution

To evaluate an algebraic expression by substitution,
substitute the given numerical values for the variables
(letters), and then simplify using "BEDMAS" for correct
order of operations {cf lesson 421.10-1, section V).

Example 1:
Evaluate a + 3b if a = 5 and h = =-2.

Solution:

a+ 3b =5+ 3(-2) {(substitute)
= 5+ (~6) (x_precedes +)
= -1
Example 2:
Evaluate (x + y) + (x){y) if x =7, y = -4,
Solution:
(x +y) + (X)(y) = (7 + (-4})+ (7) (-4) (substitute)
= {(3) + 7(-4) {brackets first|
= (%)(-41 (+, x as they
3. -4 occur)
= (7)(*T)
_ -12
I/ -1 -



III Powers

al

Notation
Recall that all stands for n factors of a:

an= ded*d* s d

n factors of a

eq, X = Xexex-X-X

Note the use of the dot to indicate multiplication, in
order to avoid confusion of the times sign "x" with
the letter "x". Sometimes bhrackets are used to
indicate multiplication.

eqg, 3x(-y) means 3 times x times -y, but
3x~y means 3 times x, subtract vy.

Most often, however, when variables are multiplying
each other, the sign is omitted altogether,

eq, -3xy means -3 times x times y.

A power consists of a base and an exponent:

an¢-—-exponent
power

‘\\—~——base

** NB Fxponentiation (raising a base to an exponent)
takes precedence over mulifiplication and division.

2 = xyy (y must be squared before

multiplying by x)

eqd, Xy

But this natural crder of precedence can be overruled
with the use of brackets:
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eqg, xy? = xyy , but {(xy}? = (xy} (xy)
ag, -2x?% = -2xx, but {-2x}?% = {(-2x) (-2x)
eq, ~-10% = -(10) (10}, but (-10)?* = (-10) (~10)

rTower Laws

Nine basic laws governing operations with
exponents follow. A brief raticnale and one or
more examples are included with each law.

Law 1:
m m+ n
x". = X
!
Ratiocnale:
{n factors of x) {m factos of ®) = (m + n) factors of x
ExamEle:
xZex7 = x12
Law 2:
xn P
-n _ xn - m
bed
0 ———
r R
b4
Raticnale:

a) Ifn > m, cancelling m common factors of x leaves
n - m factors of x in the numerator.

b} If n < m, cancelling n common factors of x leaves
m - n factors of x in the donominator.

ie, — = x-(m - n) g K o-m {cf law 4)



amounts to
cancelling 5
factors of x
in either case

‘*%* NB In laws 1 and 2, the haaes of the powers muat

be identical

ie, 2° x 27 = 212, put 25 % 37 cannot be simplified
as a power
- 27 ., 27 : .
Similarly, —7 = 27, but —— cannot be simplified
2° 38 as a power '
Law 3:
| am
| (x™)y = ™0

Rationale:

n factors of {n factors of x)= mn factors of x

X

Example:
(x7).5 = XBS
Law 4:
- 1
| LR
| m
.4
i
| 1 m
—— = X
l or —=

Rationale:

i3 qa*?ve exp

vther Iaus ornoiwhanh,

onents are defined this way to make the



3
a .o 1
eg' —— = = -2
- - .a-a
a® a
: a’ 3~5 -2
But law 2 gives — = a = a
a
. e 1 -
These are consistent only if — = a 2
a
Examples:
- 1
X 5 = '—5
b4
1
-5 - x°
b4

421.20-1

Thus powers may be shifted from numerator to
denominator, and vice versa, merely by changing

the sign 0f their exponents.

Law 5

Rationale:

o= XN = %% by law 2

il
[

But

]
li

Loox! 1 to make answers consistent

Eameles:
10° = 1

(-13)°* = 1

]
[

(xy)°®

by cancelling numerator and denominator



ey

Paticnalea:

m factors of xy = (m factors of x) (m factors of y)
just by reordering the x's and yv's.

Examples:

(xy)® = =%y

(-p)® = (-1 x p)% = (-1}% p5 = -p*®
(szls = (x2)5 YS - xlﬂys
{Ayi}:ﬁ _..25(),.3}8 _256 y2'-|
Law 7:
e m
i ox (%) = Eﬁ
I Y

Ratioiale:

n factors of x
m factors of y

& frotors of 2 =
}7
by rule for multiplication of fracticns.

Examples:
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2%, % . =2x,? _ (=2m)° _ (-2)°%x® _ -8x°
_ (“g*) = =

.,,
!
t

N 3. 33 33 : 27
2x, 2x, 3 3,2%, % _ o (2x)° _ 8x?
(- 3‘*) = ({"'l)-j-) = (=1} (3—) = ;) . T
Law 2:
1
xh = 9§
Ratiocnale:
i n
By law 3, (a™)" = a® = al = a
L _

Thus n factors of a” equals a.

But, by definition, Va is that number, n

factors of which equals a

n = va '

Exampleg:

1
g3 = 7 = 2
1
(-129)° =  JII5 = -5
1 1 L
(27233 = 273(x%)3 = T x2 = 3x?

Law 9:




Raticvnale-

m

n

x =
o

But x° =
Examnples:
2

8_3- =

or ;3»;)2 b

(-32xt9)

i

]

(law 3)

e

n

{~32x19Y

{(~2)Ix*

= f=32) 5 'iﬁxi ,ﬂ‘y

H{law 33

Adaw ‘8)

3 B

5

- ®

) Additional Examples of Use of Power Laws

Example I

6}.‘:0‘:..4
. k] @
A SRS
5.5"{3;"’
2Ty
Loty

{law 6 on numerator)

. P
=TT 2

(somplete exponentiation, law 3J



i

i

(-x) 2 (~%x2)
(%) 2 (~x"2)

(%) 24=T] x*
(-%) "2 4-1Tx"2

JZ'(‘Z)

{-x x

(_x)hxk

{~32)

(_32)2/5

2w (=2)

421.20-1

{apply law 2 to x's, y's
separately)

(show -x2 as (~1)x? to separate
numerical coefficient (~1) from
base x)

(law 2 for each base)

(even no. negative factors
g
vields positive result)

{law 1)

{law 7)

(1 = 1 for any x value)

(law 4)



v

(¥ (1aw 9)

(-2) 2 ( <33 = -2 since (~-2)% = -32)

The Four Basic Operations with Algebraic Termns

a)

b)

Definitions:

An algebraic term is a group of numbers and/or
letters associated by multiplication or division
only, and separated from other terms by additien or
subtraction,

eqg, 3x?, -5xy, 16, Xypg are terms

Like terms are terms having identical letter
combinations, including exponents,

eqg, X, 3%, -17x and

xy?, 5xvy?, -4xy? are groups of like terms,

but 5xy and - 4xy? are not like terms since

the exponent on y differs.

The numerical coefficient of a term is the
number which multiplies the letter combination,

eq, 3xy, mgq?, -l5tsw
3 + A
numerical coefficients

Addition and Subtraction of Terms

Like terms ONLY are added/subtracted by addingy
subtracting their numerical coefficients. The process
of adding/subtracting like terms to simplify an '
algebraic expression is called collecting terms.

Example 1:
32 + 5x? = (3 + 5)x® (Note that letter
combination does
= .x? not change)



c)

421.20-1

Example 2:

~15yp? + 9yp? = (-15 + 9)yp?

= -gyp?
Example 3:
5gqr - 3gr = {5 - 3)qr
= 2gr

Example 4:
-15x%y -~ 2x%y

(-15 - 2)x2y

-17x%y

Examgle 5:

Simplify -15x? + 4xy - y? + 2x% - 3y?

Solution:

-15%% + 4xy - y? + 2x% - 3y?

(=15 + 2)x% + 4xy + (-1 + (~3))y? (collect like
terms)

-13x% + 4xy ~ 4y?

Multiplication and Division of Terms:

Terms are multiplied/divided by multiplying/
dividing first the numerical coefficients, then each
group of like powers (same bases) successively.

Example 1:

(5x*y) (1.3xy?)

(5 x 1.3) (x® x)(y yv*) (group like powers)

6.5 xy"

ExamEle 2:
(-4pg?) (-3qr?)

(-4 x (*3))_(9)(q2 a) (x?)

= 12pgir?
pq . - 11 -~



_12_

Example 3:
{15x%) + (3x?)

it

6
&
X

= 5x"*

Example 4:

120p%g  _ 120 p%,, 4q,, 1
~15q3r? = 1)(q3)("?)
r

= -8p’qir~?

(Imagine factors of r® = 1 in the numerator, and
p’ = 1 in the denominator if this helps.)

Multiplication and Division of Polynomials

Definitions:

Monomials, binomiale and polynomiagls are algebraic
expressions having one, two and several terms, respectively.

a) Multiplying Binomials by Monomials

Multiply each term of the binomial by the monomial.

Example 1:
terms
5fg‘+ %} = ab + ac
S g’

Monomialquinomial

Example 2:
5%(2x -~ vy)
= 5x(2x + (-y)}) (Optional step: express binomial as
sum of 2 terms.)
= 5x(2x) + 5x(-y)
= 10x% + (-5xy)

= 10x? - S5xy



421.20-1

b) Multiplying Two Binomials

Multiply each term of second binomial by each
term of the first binomial.

Example 1:
(a + b){(ec + d) = ac + ad + bc + bd

ExamEle 2:
(2x + y} (x - 5y)

il

2x{x) + 2x(-3y) + y{x) + y(-5y)

2x% - 1l0xy + xy -5y2

It

{collect terms in xy)

2x? -9xy - 5y?

¢} Dividing Binomials by Monomials

Divide each term of the binomial by the monomial.

Example 1:

12x? + 4xy
2x

_ 12x? 4x
= 2%ty

6x + 2y

{problem reduces to dividing
terms)

Example 2:

= 10x* - 4y?
2Ry

L

. 2 2

Note that minus sign in
front of quotient applies
to entire expression,
hence the brackets

2Ry 2xy
Y x
5x 2 -
= -3+ L oor -S4 2Tl



d) Generalizations to Polynomials

To multiply two polynomials, multiply gach term
of the first by each and every term of thé& secofid
polynomial.

To divide a polynomial by a monomial, dividé
each term of the polynomial by the monomial.

Simplification of Algebraic Expressions

The order of operations, "BEDMAS" (see 421.10-1, V),
holds for simplifying algebraic expressions just as for .
arithmetic expressions. The following examples iliustrate
the preceding rules for operations on powers, terms, and
polynomials.

Example:
Simplify the following:
(a) x% + x+ x% + x* + x
(b} aba + aab
(¢} 4x - 7y - (3x - 4y) + x + 3y

(@) abc - abe (~2) (= ) (~3)

-6ab - 12a? 3b2 - 6ab

(e) ~3a - -3b
Solutions:
(a) x?2 + x + x* + x% + x
= x + x + % (+ precedes +)
= 3x% (collect terms)
{b) aba + aab
= gab + aab (order of a's, b's

does not affect
value of product)
= a’b + a’b

= 2a’b (collect terms)
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(c) 4x - 7y - (3x - 4y} + x + 3y

= 4x - 7y - 3x + 4y + x + 3y (remove brackets
preceded by minus
sign by changing
sign of all en-
closed terms)

= (4 - 3+ 1})x + (-7 + 4+ 3)y {collect like terms)

= 2x

(@) abe - abc (=2) (- 3 ) (-3)

= abec - abc (~3) (3 negative factors
(odd no.) give
negative product)

= abec + 3abc {to subtract, add
' the opposite)
= 4dabc
(e) -6ab - 12a* _ 3b% - 6ab
-3a -3b

_ =6ab , -1l2a® _ (3b2 + —Sab) (Express binomials

-3a -3a -3b - 3b as sum of 2 terms)
= 2b + 4a - (-b + 2a)
= 2b + 4a + b - 2a (remove brackets)
= 2a + 3b (collect terms

NB Brackets preceded by a "+" may be inserted
or removed without altering enclosed terms,
but brackets preceded by a "-" may be
inserted or removed only by altering signs
of all terms enclosed.



Assignment

If a=12, b = 2 and ¢

{(a) -a + 5% + Eg
{b} a + 2a - 3¢?
(c}) 6b2 - a - b? + ¢
Simplify
(a) a“aP®
(c) b’b'b®
() m’°m* + mS
a’ a
R
(i) (a”)?
() (3 x")°
(m) VVa
(o) xfx"2x""
Evaluate:
{a) 3 - (b)

Y3 -‘/;?

(e)

(h}

-3, evaluate the following:

(b)
(d)
(£)

(h)

(3)

(1)

{n})

(p)

{c)

(£)

(1) (-

(16)

361/2

27
64

0«25

)7



4,
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Write each expression without negative or zero exponents
and simplify.

(a) 321 = Db’ (b) (16 x!6)t/2
a® + (3p)?
(@) ~(=3al+* BU.6)° @y 350 y°

6""1 Z-z

The mass of an electron is 0.00055 a.m.u. and 1 a.m.u.
is 1.66 x 107?* g. Calculate the mass of the electron
in grams.

It requires 3.1 x 10!° fissions per second to producé 1
watt of energy. How many fissions per second are
required to produce 200 Megawatts.

Simplify:

{(a) 2a + 3a + 6a

{(b) 5x% + 2x + 3 + 5xy + 4x + 2 + x?

{c) 5x + 12y + 20x + 8y

(d) 2¢c + Ba + 6c + 2b + 3b + 4c

() 39 + k - 43 + 11k - 7k -

(f) a+a+a+ a-5a+ 1lla

(g} x + 3xy? + 2x + y - 3% + y?x

{(h)y x%y?¥ + 3x%y? + 1 - x

(i) x+y + 2z - 2y + 3z - 6x

- 17 -
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Simplify:

(b)

(d)

(£)

{(h)

()

(b)
(d)

(£)

(h}

(1)

(-11lpqg) (-2ps?t)

(3x + 2} (5x + 4)

(x2 - Y) (Y + x.z}

4x + lOz
2

8x? + 10x
2x

14x? + 21x _

T

-3{x + y) + 10(2x -~ 3y) + 52y ~ 3x)

15ab
el =53~
-2x°
(e) 3%
6
(@) %
(i)  (6x%y) (-4y°p)
Simplify:
(a) (x + 4y) (x - 8y)
(e¢) (3a - 2c}(4a - 5¢)
6x? - 2x 9% - 3
(e) TOX T T3
-10a?2 - 5 =3a? - 6
(g) S T T3
. 3x? - 15x 12x - 18
(i) 3x - -6
Simplify:
(a) (8mn)} (4mx)
{b) (9abc) (-4bed)
(e¢) =3y(é6m - 5t)
(d) 5(4h - 6k)
{e)
(£) 2x(x + y) - (x* + xy) + (x - %}

{g)

8c + 3k - (5¢ + 2k)
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Cont'd

(h)
(1)
(3)
(k)

2b

3a

Xy

¢+ (Bc - 4b) + b

Bx ~ (4a + x)
ab? ¢+ b

2a

L. Haacke

421,20-1

- 19 -
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GRAPHS

I Uses of Graphs

Graphs are used to

(1) display the relationship between 2 or more variables
(2) summarize data pictorially for easy assimilation.

II  Rectangular Co-ordinate System

A rectangular ceo-ordinate system is set up by drawing
two mutually perpendicular lines (axes) which intersect at
the origin, 0. The vertical axis is usually called the y-
arig; 1its upward branch is labelled "y" to indicate that y
increases vertically upwards. The horizontal axis is
usually called the =z-qxis; its rightward branch is labelled
"z" to indicate that x increases horizontally rightward.
The axes divide the zy-plane into four quadrants, as in
Figure 1.

A uniform scale of length units is marked on each
axis, starting from 0. The position of a point in the
plane is specified by its distance from the y-axis (the
x co-ordinate or abseigsa) and its distance from the x-
axis (the y co-ordinate or ordinate). For example the
point P(2, 3), with x co-ordinate 2 and y co-ordinate 3,
is located in the plane at the intersection of perpendiculars
erected to the x-axis, 2 units from 0, and to the y-axis,
3 units from 0 (see Figure 2).

Y4 Abscissa
y ~~——m~—f\P(2;3)
| 51 !
Quadrant 2 L Quadrant 1 iEOrdinate
i |
1
L 0_~ e X 4 0 ;) f- + X
-2 2 4
Quadrant 3 F Quadrant 4
l. -2
Figure 1 _ Figure 2 -

August 1978
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The tedious process of constructing perpendiculars is
usually eliminated by the use of squared paper.

Data Graphs

Steps to Plotting a Data Graph

Step 1:

Select a piece of graph paper of suitable dimensions
and size of grid sqguares to display data.

Step 2:

Select the independent variable (the one deliberately
varied in an experiment) to be displayed horizontally and
the dependent variable (the one which responds to changes
in the independent variable) to be displayed vertically.
For example, temperature would normally be plotted vertically
on a temperature - time graph. Note, however, that choice
of variable to be displayed vertically is often a matter of
personal judgement or convenience - eg, graph of veltage vs
current, where either variable could be independent.

Step 3:

Choose display ranges and scales #e spread data over
about two-thirds or more of available space along either
axis. Draw axis and mark on scales.

Step 4:

Label axes with respective quantities and units there-

of.

Step 5:

Plot data. Make data points visible by some method
such as circling them.

Step 61
Indicate the pattern or trend of the data by

{(a) joining successive data points by straight line -
segments to produce a LINF GRAPH, 1f the data does
not obey a simple relationship, or

{(b) drawing a smooth averaging CURVE through the data
("curve" here includes the case of the straight line),
if the data does cobey a simple law.

Step 7:

Place a suitable title on the graph.
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Example 1:  Hospital Patient's Temperature Chart

The following table indicates a patient's temperature
readings taken at 6-hour intervals May 1 to 3 inclusive.
Plot a temperature-time graph for the patient.

Day May 1 May 2 May 3

T;‘“?‘ 00000600 (1200|1800 | 00000600 |1200|1800|0000|0600 /1200|1800
r

Temp

(°C) 37.6(137.3(37.1|36.9 | 36.9136.9(37.1(|38.9]38.1(37.2{36.9(36.9

Note that all the above temperature readings lie
between 36.9° and 38.9°C. The above data have been
plotted in Figure 3, using an unsuitable temperature
display range of 0° to 40°C, and again in Figure 4
using a temperature display range of 36.8° to 39.0°C.
Figure 4 is obviously much easier to read and inter-
pret than Figure 3. This contrast between Figures 3
and 4 illustrates the importance of choosing a suitable
scale and display range (step 3 above).

Note that a 7ine grapx has been produced (step 6
above), since there is no simple law relating a patient's
temperature with time.




Temperature (°C)

Figure 3: HOSPITAL PATIENT'S TEMPERATURE CHARYT

Temperature (Oc)

30 F
20 F
10 "
0 { i i { [l e .__Jl_,m.m.i an‘J
0 6 12 18 0 6 12 18 0 6 12 18 O
Time (hours)
Figure 4: HOSPITAL PATIENT'S TEMPERATURE CHART:
oo L e a__“
38.8
38.4
38.90
37.6
37.2
36-8 i i I L i 4 L ke 4 -

0 6 12 18 0 6 12z 18 0 6 12z 18 0
e May 1———sje&— May 2 —Sj&— May 3 —==3

Time (hours)
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Example 2: Average Weight vs Age of Teenage Boys

The following table gives the weights of boys of
various ages. Draw a graph to illustrate this variation.
From the graph, find the average weight of (a) a 12% year
old boy (b) a 16 year old boy.

Age |
(years) 10 11 12 13 14 15
Weight '

(kg) 34.7 36.3 38.6 41.7 45.8 51.7

A step-by-step solution is given for this example:

SteE 1:

Graph paper with one millimeter sguares is suitable
for this application.

Step 2:

Weight will be plotted vertically and age horizontally.
{(Weight is responding to age, not age to weight.)

Step 3:
y~axis: weights from 34 to 60 kg, at scale 2 kg = lcm
X axis: ages 10 to 16 years at scale 1l year = 2 cm.

Steps 4 and 5:

See Figure 5 for axis labels, data plot.

SteE 6:

S8ince there is an obvious relationship between average
weight and age of boys 10 to 15 years old, a smooth curve
is drawn through the data.

Step 7:

See Figure 5 for title.




_ The curve drawn in Figure 5 represents the relation-
ship between average weight and age of boys of all ages
from 10 to 15 years, inclusive. Thus the average weight
of a 12% year o0ld boy, from Figure 5, is 40.1 kg. This
is an example of INTERPOLATION ~ estimating values of
variables between given data points,

By assuming that the trend of the relationship con-
tinues to age 1l6é years, one can estimate the average
weight of a 16 year old boy. As seen from Figure 5, this
weight is 60.0 kg. This is an example of EXTRAPOLATION -
estimating values of variables outside of the range of
the given data.

Note that interpolation gives more reliable estimates
than extrapolation because the former is guided by given
data on both sides of the estimate, whereas the latter is
guided by data on one side only of the estimate, and the
assumption that the trend of the data continues as far as
the estimated value.

Example 3: Load - Effort Relationship for a Machine

The following table contains experimentally deter-
mined values of the effort required to move various loads,
uslng a certain machine. Draw a graph to show the load-
effort relationship.

Load ;

(kg) ; 30 40 60 70 80
Effort

(kg) .2'13 2.6 3.8 4.3 5.1

The required graph is shown in Figure 6., Note that
the curve best fitting the data in this example is a
straight line. The curve itself represents an estimate
of the true relationship bhetween load and effort. The
various data points lie slightly above or below the
curve simply because of the uncertainty inherent in the
experimental measurements,

When the curve best fitting data is deemed to be a
gstraight line, as in this example, the relationship
between the variables is said to be linear (noun "line";
adjective "linear").




Average Weight (kg)
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Figure 5: AVERAGE WEIGHT vs. AGE FOR TEENAGE BOYS
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ASSIGNMENT

1, Plot.ﬁhe following pUANTtS :
(a) P(3,4)
(b) Q(-2,4)
(d) 5{4;""2) _
(£) u(-3,8)

2, The following table shcws the temperature at two-hourly
intervals for one day. Plot a graph to illustrate this
variation in temperature.

Fime [2am | 4 & ] 10 4 Nbon 2pm. | 4 | 6 g8 | 10 | 3|

- . _ R 'l" — T . —  §

;%32? 9 | 8|9 |12 | 14| 18 |23 (26 |22 |20 | 16 | 14 |

3. The following table gives the current, I, in a circuit, fer
various values of tha resistance, R, when the voltage remains
constant.

R (ohs) 2| 4 8 [12] 16 |20 | 40 | 60 |
I(amperes)|60 | 30 | 15 | 10 | 7.5 | 6 3 2
Plot a graph showing how the current varies with the
registance and estimate
(a) The current when R = 10 ohms and ;
(b) The resistancz reguired to give a current of 50 amperes,
4. The pressure, P, av different depths, h, in a liguid 18
- found to be az follows:
- T ! Y 7 :
h(cm) | CRE RV 202 30 35
T ! ] -
P(kPa) | 103 | 261 ;418 | 577 {656
Plot the graph and from the graph estimate:
{(a) The pressure at a depth of 50 cm.
* {b} The depth at which the pressure is 300 kPa.

L. Haacke
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GRAPHING FUNCTIONS

T Introduction to Functions

Definition:

One variable is a function of another variable if a
unigue value of the first variable corresponds to each
value of the other, ie, i1f the two variables are related
by some formula (loosely speaking).

Notation:

The notation £(x), &A(r}, P(T), etc is used to denote
f as a function of x, A as a function of r, P as a function
of T, etc.

Example 1l:

The area A of a c¢ircle is a function of its radius r
according to the formula,

2

A{r) = 7r (read "A at r equals mr")

ie, a definite value of A corresponds to each value of r

eg, A(l) = m(l)? = 3.14
A(5) = 7m(5)% = 78.5
A(0.1) = 7(0.1)% = 0.0314-
etc.

Example 2:

£{x) = x* - 5% {read "“f at x equals x*® - 5x")

Here f is a function of x since the formula gives a
unigue value of f for each value of x

eg, £(0) = 0% - 5(0) = 0
£(1) =1° - 5(1) = -4
£(=2) = (=2)3 = 5(=2) = 2
etc.

August 1978
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Punctions of Several Variables:

I1f G is a function of n variables, X, X2, +.«, Xn)
one writes

G{X1, 2,4 vse, K )

n
Examgle 3

Cylinder volume V is a function of both height h and
radius r, according to the formula,

V(r, h) = 7r?h

ie, each pair of r and h gives a unique volume

eg, V(1, 1) = n(1}?* (1) = 3.14
V{2, 5) = m{2}% (5) = 62.8
etc.

Dependent and Independent Variables:

The independent variable is the one to which values
are assigned arbitrarily, and the dependent variable is
the one given by the formula,

eg, dependent variables
¥ ¥ ¥
A(I’)} f(X); G(X1, Xz; LR ] Xn)
4 + 4 4+ +

independent variables

Graphing Functions

Usually the independent variable is plotted along the
x~-axis (horizontally) and the dependent variable along the
y-axis {(vertically) ~ c<f 421.40-1, part IIX.

The steps to graphing a function are similar to those
outlined in § 221.40-1, part III for data graphs, with
the following notable differences:

(1) The table of values must be calculated, using the
function relationship.

(2) The plotted points are always joined by a swooth
curve {(except for discontinuous functions, whieh
are beyond the scope of this text).

(3) .The curve is labelled with the equation which it
represents,
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Example Ll:

Plot a graph showing circle area A as a function of
radius r in meters, 0zr<4.

Solution:
Use A(r) = nmr? to generate a table of values.
r rmeters 0 1 2 3 4

A({r) meters? 0 3.1 12.6 28.3 50.3

Graph of Circle Area vs Radius

60
A
(metar?)
40
A(r) = nr?

20

0e

2 4 r (meters)
Raoots of an Eguation:
The roots of any equation of the form f(x) = 0 are

the x values which satisfy this equation (make it true}.
Clearly, the x-coordinates of the x-intercepts of the
curve y = f£(x) are the roots of f(x) = 0, as illustrated
balow:



<

. i
\ | |
y } //’ y = f(x)
i /
\(eru) I'(xlfq}
4‘:’" R \“!/ X
\ T /
\\ ‘/
AN ,//T
X1, X2 are the roots of £(x) = 0
Example 2:
Graph the fenction £(x) = x’ - 5x and find the roots
of ®% - 5x = 0 from the graph.
golution:
Iet v = £(x), and use y = x° - 5x to generate a table
of values :
x | 0 ; =1 | z1.5 f 3 (_:2.5 | -3 |2s |
- - Z ! '
Ly 0 | 74 +4.11 T2 | 3.1 filz +44
|
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x® - 5x

=20

-40

Roots of x® ~ 5x = 0 are x = #2.2 and x = 0

ASSIGNMENT

1. Express each of the following statements in functional
notation, and give. the exact formula for the notation:

{a) The circumference C of a circle is a function of
its radius r.

{(b) The distance d travelled in time t at a uniform
speed v is a function of t and v.

(c} The total area A of the surface of a right circular

cylinder is a function of its height h and radius r
of its base.

2. Given f(x) = 2x - 3, find £(6), £(0), £(-2),
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3. Given H(x) = x(x - a}(x - 1) find H{Q), H(1l), H(a).

4, Find the length d of a diagonal of a square as a function
0of the perimeter p of the sguare.

5. Graph the following functions f{x) and find the roots of
£{(x) = 0 from the graphs:
(a) 4 - x?
(b} x* + 2x + 2
(¢) 2+ 9x - x°
(d) x* -x - 6

(ey x? -3x -1

L. Haacke
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Mathematics - Course 321

LOGARITHMS AND EXPONENTIALS

I INTRODUCTION

{a) Exponential Functions

DEFINITION:

An exponential function is a function of the form

£(z) = a¥, where "a" is a real positive constant.

The distinction between the exponential function, a¥,
and the more familiar power function, %, should be clear
from the following example in which a = 2:

Example 1:

Plot on the same graph the functions y = 2% and y = x
over the domain -4 € x» < 4,

x -4 -3 -2 -1 0 1 2 3 4
2% 1 1 1 1 1 2 4 8 16
16 8 4 Z

January 1980
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Figure 1

Note that the curve y = 2% is gsymptotiec to the negative
r-~axis, ie, the curve approaches ever more closely to the
negative x-axis as the magnitude of z grows, but never actually
reaches the axis for any finite x-value. The curve y = 27% is
the mirror image in the y-axis of y = 2%, and is asymptotic to
the positive x-axis. (Check this.)

Thus, in general, if a > 1, the exponential functions a¥
and a”% have the characteristic shapes illustrated in Figure 2.
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(b) Logarithmic Functions

DEFINITION:

The logarithm of # to the base "a" designated "logzx", is
the exponent to which "a" must be raised to produce z.

That is: logar = y&=ya¥ = zx
eg, logy 9 = 2, since 3% = 9
eg, log, 64 = 6, since 2% = 64

In general, the curve y = logz® has the characteristic
shape shown in Figure 3.

Figure 3



The bases 10 and e are so commonly used as to justify log =
and 4nx functions on scientific calculators. These are the so-
called:

{1} Common Logawrithme, to base 10, and
(2) Natural Logarithms, to base “e".
(e = 2,718281828...)

The rationale behind the special provisions for common loga-
rithms is our use of the decimal system (base 10), while the
rationale for natural logarithms is the fact that expongntial
functions (base "e") are abundant in technical applications.

eg: V(t) = Voe—t/RC, where Vo initial voltage at t=o

V{(t) = voltage at time ©
t = time in seconds

R = resistance

C = capacitance

The above definition for logszx is restated here specifically
for common and natural logarithms:

DEFPINITION:

The common logarithm of x, designated "log,.z" (or simply
"log x"), is the exponent to which 10 must be raised to
produce .

eg, log 100C = 3, since 107 = 1000

eg, log vi8 = =, since 10”7 = /10

N

DEFINITION:

The natural logarithm of %, designated "logex" (or simply
“"gnx"), is the exponent to which "e" must be raised to
produce =x.

5 - @b

eg, &n e°® = since e

since e’ = ¥e

5,
1l
eg, %n Ve = 5

II USE OF LOGARITHMS IN COMPUTATION OF COMPLEX ARITHMETIC
EXPRESSIONS

Logarithms are used to reduce the operations of multipli-
cation, division, and exponentiation to addition, subtraction,

and multiplication, respeciively, according to the following
laws:
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LAW 1: log XY

log X + log ¥

LAW 2: log % = log X - log ¥

LAW 3: log X? = n log X

With the introduction of the scientific calculator, the
computation of complex arithmetic expressions has been greatly
simplified. 1In fact, the use of logarithms in their evaluation
has been rendered virtually obsolete. However, the trainee
should become fully familiar with the laws governing the use
of logarithms as an aid in solving some types of problems
which will be introduced later in this lesson. To this end,
several examples are now presented which illustrate the use
of logarithms in the evaluation of complex arithmetic and
algebraic expressions.

Examgle 1l:
Evaluate  /(0.007294)°

Solution:

(a) Modern calculator technique (use of ¥*)

3/5

3/(0.007294) * (0.007294)

(0.007294)°¢

0.05221

(b} Use of logarithms (obsolete method)

Y(0.007294)°

then log 2z = log {(0.0072%4)

Let »

3/5

log (0.007294)

(-2.1370)

Ul Uiw

= ~1,2822

-1.2822

.+ log x

How does one now find the value of ¢ ?



Recall that log z, by definition, is the exponent to which 10
is raised to produce z. Thus,

(This process of exponentiating to find x is alsc called taking
the antilogarithm, to base 10, of -1.2822,)

ExamEle 2
(7.236) 7 x (4.36)2
Evaluate
(0.00287)*
Solution:
(7.236) /* x (4.36)2
Let =z =

(0.00287)"

(7.236) 7% x (4.36)2

]

Then log x log

(0.00287) "

= log E.236)% X (4.36)3 - log(0.00287)"

= log (7.236)7% + log(4.36)% - log(0.00287)"

= £ 1og 7.236 + 2 log 4.36 - 4 10g(0.00287)
= %_(o.ssgs) + 2(0.6395) - 4(-2.5421)
= 11.7339
.. logx = 11.7339
z = 1011.7339

5.42 x 10%t

I
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Example 3:

Express in terms of log X, log Y and log 2Z.

%2 14
log - (power law: z P = V%)
Z
1 x* /Y
= £y log " (Law 3)

Solution:

- % log (X* /¥) - log %E} (Law 2)
= % log X* + log ¥Y¥ - log 53] (Law 1)
-1_2_1 i 3
=3 og X + 5 log ¥ - 5 log 2 {Law 3)

IIT CONNECTION BETWEEN EXPONENTIALS AND LOGARITHMS

Taking the logarithm of z to base "a" and raising "a" to
the exponent x are opposite operations in the same sense that
multiplication and division are opposite operations, ie, the
one operation 'undoes' the other.

For example, any one of the following sequences of opera-
tions on & will give z back again as the final result:

(1) first multiply by 2, then divide result by 2,
ie, (2z) * 2 = x.

{2) first divide by 2, then multiply result by 2,
ie, (x+2) (2) = «x.

(3) £first take logarithm to base 2, then raise 2 to the result,
ie zlﬁgzm =

(4) first raise 2 to exponent z, then take logarithm of result
to base 2; ie, x .
10922 = x.

- The above explanation can also be presented in tabular
form. - -



Table Illustrating the Effect of Applying Opposite Operations

Consecutively
Start With & & x x
First aa k multiply lexponentiatel take log to
Operation a by k with base a base a
Interim + k a% log z
Result z k z P
Second subtract divide take log to exponentiate
(Opposite) K by k base a with base a
Operation (ANTILOG)
Final L x_ log.x_
+k})-k= ka) tk= log_a™= a a“=z
Result (mtk)-k=zx | (kz)tk=a 9,8 =%
. 1l
Example {x+2)=-2=x |(2z)+2=x 10922x=x 21092%_,

The connection between logarithms and exponentials can be

further summarized as follows:

logaax =z = a}ogax

The corresponding statements for common and natural logarithme
are:

leg 107 = ¢ = 10lOg = (common logs)

X ln =

In ¥ = x = e (natural logs)

At this point the trainee should be able to evaluate simple
expressions involving logarithms, without recourse to aids, by
applying the foregoing definitions.
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Example 4:

Evaluate without recourse to aids: 510952

Solution:

By definition, logsxz represents the number to which 5 must be
raised to produce xz. Therefore, in the abhove expression,

5 is being raised to that number which will produce x.

5109’ 5

ie: = gz

Example 5:

Evaluate without recourse to aids: eln x

Solution:

By definition, ln z represents the number to which e must
be raised to produce x. Therefore, in the above expression,
@ is being raised to that number which will produce .

. nx
ies el =

IV SOLVING EXPONENTIAL EQUATIONS

Example 6:
Solve for x correct to 2 decimal places: e~ %% = 5
Solution:
ln e ™% = 1n 5 (take natural log both sides)
ie, ~0.6 gz = 1ln 5
. _1in 5
» . &x -0.6
_1.6094
- _0¢6
= -2.6823

.. correct to two decimal places, ¢ = -2.68



Example 7:

._10_

Solve for z correct to 2 decimal places: 3% = 5

Solution:
Method (i)
log 3% = log 5
2z log 3 = log 5
z = log 5
log 3
. 0.6990
0.4771
= 1.4649

.. x = 1,46, correct to 2 decimal places

Method (ii)
in 3% = 1n 5 {take natural log of both sides)
x 1ln 3 =1n b (law 3)
= in 5
z In 3
. 1.6094
1.0986
= 1.4649

.o & = 1l.46, correct to 2 decimal places.

This example has been evaluated using both common and
natural logarithms to demonstrate that, regardless of
which base is used, the answer will be the same.
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Example 8:
The activity of a radicactive source after t seconds is
given by:
A(t) = Bge it

where A, = original activity at ¢t = 0, and A is the decay
constant in s”! (per second)

{a) If Ay = 9.5 Ci, A(t) = 7.2 Ci, and t = 2 hr, calculate X.

(b) Using that value of A, calculate the half life of the
radionuclide (ie, the time for the activity to decrease
by a factor of 2). '

Solution:
Method (i)
- 3
(a) 7.2 =09.5 e 7+2x 1074, (¢ =2 hr = 7.2 x 10° sec)
log 7.2 = log 9.5 - 7.2 x 10° X log e {common log of
both sides)
. A = log 7.2 = log 9.5

- 7.2 x 10? log e

0.8573 - 0.9777
-7.2 x 10% x 0.4343

= 3,85 x 107°

L. A = 3.85 x 1075 ™!
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Method (ii)

7.2

In 7.2

NOTE :

_ 3
= 9.56 7.2 x 10°A

H

-7.2 x 10% in e

1.9741 ~ 2.2513
7.2 x 10* x 1

= 3.85 x 10~°
= 3.85 x 10~° s~?

Whether you use common logs or natural logs,
answer is the same.

{b) Let T be the half-life of the radionuclide

After 1 half-life, A(T) = .5 A,

ie:

—-— ""5
.5 A, = Age 3.85 x 10 T

~3.85 x 1075 T
e

.5 =
in .5 = -3.85 x 10°° T 1In e
T = In .5
=5
-3.85 x 10 X ln e
= "'0-6931
~3.85 x 107° x 1
= 1.8 x 10" s
T=1.8 x 10" s =5 h

ln 9.5 -~ 7.2 x 10°A 1n e (nat. log of both sides)

the
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ASSIGNMENT

If, at ¢ = o, the switch is closed in the circuit
illustrated below, the voltage V across the capacitor
after ¢ seconds is given by the formula,

o o

Vit) = Voe-t/RC

where Vo volts is the original voltage across the capacitor
at time ¢ = o,

R ohmg is the resistance in the circuit, and
C farads is the capacitance of the capacitor.

Find (i) R
(ii) the discharge current, I(%)
(recall Ohms Law: I = % )

if (a) V=12V, V(¢) =2V, t=6s, C=2F

(b} Vv 1V, V(t) =0.1V, ¢=10"%s, C = 200 uF.

O

A radiocactive source decays from 10 Ci +0 4.5 Ci in 3.0
hours. Calculate

bl

(a)} the decay constant A in s™!

(b) the half-life in hours

of the source. (A(t) = Aoe-lt)

Evaluate without recourse to aids:

(a) 1ln Ve
(b) 1lolog
(C) ezln3

(@) 310934

(e) logs 5~°°
(£) 2 log 10°°
(g) 1log, 1024

(h) 2 logs 625

b.ré

2

- 13 -



4, A 0.5 yF capacitor, resistor and switch are placed in series
in a circuit. The capacitor is charged to a voltage of 12 V
when the switch is closed. If the voltage decays to 0.1 V
after 2 ms, what is the resistance value in the circuit?

(V(t) = Voe”t/Rc)

5. In a certain guantity of a radicactive substance, there are
10%° radioactive nuclei, each of which will eventually decay
by a single disintegration to a stable daughter. If
A= 3.0 x 107° 57!, find the time required for the number
of radioactive nuclei to decrease to 10'°%.

(N(2) = Nge™*7")

6. Find 2z, correct to 2 significant figures:
(a) e~ ' 17% = 37 *(g) logsx = 2.7
(o (1.73)% = 0.0046 *(h) log,xz = 4.8
(c) 3% =17 *(i) logsz = 2.1
(@) e¥ "% = 146.2 *(§) logsz = 5.3

231” = * o=

(e) - = 1.3 (k) log,,x = 16.8
(f) e 9°3% = 25 *{l) logsx = 7.5

*If your calculator does not have a v* function key,
derive an expression for your answer.

7. Express in terms of log X, log Y, and lég Z:

(a) log “%%3 342 gt
[ 1
3
(b) log b8 /3 ;/Z?

1
(¢) log | X° *JSy7 gz /s

- 14 -
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8. Find x (correct to 3 significant figures):

(a) e7.2 = g (d) 101.7 = g
by e =gz (e) 10°%% =
(c) e’ =g - 23.82 (£) 10%%? =z + 6

9. Find x, correct to 2 significant figures:

(a) 7*° = ¢
by 377 ==

(¢} 1.4%%%=

(d) 64-5 = gz

L. Haacke
W. Western

- 15 -
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Mathematics -~ Course 321

USE OF LOGARITHMIC SCALED GRAPH PAPER

We have discussed the use of graphs for many purposes in pre-
vious courses. In all the cases considered, the graphs have been
plotted on squared paper on which all the divisions are equal,
These divisions may be 1/4" long or 1/6", they may be 1/10" or
1 millimeter, but in all cases they are all equal divisions. The
scales used on such graph paper are known as LINEAR scales in the
same way as the sgcale on a foot rule is a linear scale. The
scale on a foot rule may be subdivided into inches and further
subdivided into tenths, eighths or sixteenths of an inch, but all
the subdivisions are equal in length.

When linear scales are 'used on graph paper, they form a grid
of sguares all egqual in area. This is why such graph paper is
frequently referred to as “sguared" paper. This type of graph
paper is known as LINEAR graph paper or, in order to indicate
that linear scales are being used along both x- and y-axis, the
term LINEAR~LINEAR graph paper may be used.

Linear scales and graph paper have many uses and can be use-
ful tools for the solution of mathematical, scientific, or engi=-
neering problems. There are some instances, however, where the
use of linear scales is limited and where LOGARITHMIC scales have -
a distinct advantage. This lesson will describe logarithmic
scales and the circumstances under which they can be usefully
employed.

Logarithmic Scales

On a logarithmic scale the divisions, instead of being
equally spaced, are made proportional t¢ logarithms of numbers
rather than te the numbers themselves. BAn excellent example of
a logarithmic scale is that to be found on the scales C and D on
a slide rule which are used for multiplication and division.

Figure 1 shows a 5-inch length of line divided linearly into
10 equal parts. The equal parts are numbered from 1 to 10, but
could equally well have been 0.1 to 1.

CTT T T T T T 113

B R I T S ! |

[T A T D Lk
Figure 1

Januarv 1980 | ' -1



The scale goes from 0 to 10. Below the linear scale is
shown the same length of line divided logarithmically. This log-
arithmic scale goes from 1 to 10 or 0.1 to 1 or 10 to 100,

Note that the logarithm of 1 (on logarithmic scale) is zero
(on the linear scale). Also, log 2 (on log scale) is 0.3010 {(on
linear scale), log 4 (on log scale) is 0.6021 {(on linear scale)
and log 10 (on log scale}) is 1.0 (on linear scale).

A logarithmic scale going from 0.01 to 0.1, or 0.1 to 1.0,
or 1.0 to 10, etc, is said to cover or span one DECADE. A loga-
rithmic scale can span several such decades, eg, it could go from
0.01 to 100. Such a scale would be made of 4 decades, each like
the one in Figure 1, and this scale is shown in Figure 2.

| [_.otoé IIIHI[ d.é_llllnl b T 1 lniw : éol_llllHL
0.01 0.1 1.0 - 10 100
Figure 2

It can be seen Irom Figure 2 that each decade of the scale
is subdivided in exactly the same manner. The scale in Figure 2
spans 4 decades or 4 CYCLES.

Uses of Logarithmic Scales

If the linear scale in Figure 1 is examined, it is clear
that the distance between 0 and 1 is only 1/10 of the total
length of the scale. If this distance is further subdivided into
10 equal parts, each part would be 1/1000 of the full scale value
of 10, ie, each part is 0.1. Such a scale then could be used to
measure to 0.1, since these subdivisions could be read with fair
accuracy. However, it would not be pessible to subdivide each
0.1 any further, because the subdivisions would be too small.
Therefore, with a linear scale, fractional value of a measured
quantity cannot be measured with any accuracy.

The same length of scale can, however, be spanned with as
many decades of a logarithmic scale as is desirable. For example,
the same length of scale as in Figure 1 iz spanned by 4 decades
in Figure 2., If the scale in Figure 2 went from (.001 to 10, it
would be easy to measure a 0.001 or 0.002 on this scale, ie,

0.01% of the full scale reading. If more decades were used, the
measurement could be even smaller than this. It must be remem-
bered, however, that the distance between 1 and 10 now only occu-
pies the top decade and that there is, therefore, a loss of accu~
racy with the larger values. We can say that:

The advantage with a logarithmic scale is that it ex-
pands the low end of _he scale.
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The disadvantage with a logarithmic scale is that it
contracts the high end of the scale with consequent
loss of accuracy.

A logarithmic scale would, therefore, be used where a large
range of values are to be measured. For example, reactor neutron
power may vary from full power (100%) down to zero, During nor-
mal operation of a reactor, a linear scale from 0 to 100% neutron
power would be adequate. However, when the reactor is started up,
Yreactor power may only be 0.001% or less of full power, but it is
important that these low power values be measured. A guage with a
scale as shown in Figure 3, is in fact used on start up from 0.001%
to approximately 10% full power. Above 10%, the linear scale
becomes more accurate.

% Full Power % Fuli Power
{Log Scale) -~ (Linear Scale)
Figure 3 Figure 4

Note that low values of power, such as 0.001% and 0.01l% are
easily read and can be determined much more accurately than on a
linear scale of the same size. However, values of power from 10%
and up could not be measured as accurately as on the linear scale,
ie, 92% full power could be much more accurately determined on
the linear scale.

The only method of obtaining the same accuracy over the
whole range of values is to use a linear scale, the range of
which can be varied with some suitable range switch. In effect,
this replaces one scale with a number of scales, each covering,
say, 1 decade of the logarithmic scale.

Figure 5 shows another example of the use of a logarithmic
scale. The radiation field in a room may normally vary from 0.1
mr/hr to 10 mr/hr, but it may well increase up to 100 mr/hr,
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lnn//hn

Figure 5

1000 mr/hr, or even higher. The only methed of covering such a
range on one scale is to use a 5-decade logarithmic scale as
shown. Normal fields are clearly read and high fields can also
be measured to the accuracy required. It would not be possible
to say, with any certainty, whether the field was 8400 or 8500
mr/hr but such accuracy would not be reguired,

Logarithmic Graph Paper

Logarithmic graph paper is graph paper which is ruled with
logarithmic divisions or scales instead of linear scale with the
divisions all egual. There are as many different types of loga-
rithmic graph paper as there are uses for such graph paper but
they all fall into one of two main groups: :

1. SEMILOGARITHMIC or LOG-LINEAR graph paper, in
which the paper is ruled with a logarithmic scale
in one direction (say, along the y-axis} and with
equal divisions, or a linear scale in the perpen-
dicular direction, Examples of such graph paper
are shown in Figures 6 and 7. '

2. LOG-LOG graph paper, in which logarithmic spacing
is used in both directions. Log-log graph paper
has been used in Figure 8.

Logarithmic graph paper is further classified by the number
of decades covered by the logarithmic scale. The number of dec-
ades covered is known as the number of CYCLES. Thus, 6-cycle
semilog graph paper will have a 6-decade logarithmic scale in one
direction and a linear scale in the other direction. A 4 x 6
cycle log-log graph paper spans 4 decades one way and 6 decades
in a perpendicular direction.
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Figure 6

Reactor Neutron Power Versus Time




Concrete Shield

Gamma Dose Rate vs Penetration Depth in NPD
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Dose Rate {(mr/hr)

Gamma Ray Enu_rgy (MeV)

Figure 8

' Dose Rate at One Meter from Gamma Source Versus Gamma Ray Energy

Uses of Logarithmic Graph Paper

The selection of graph paper for a particular purpose will
be illustrated by the following examples:

Example 1:

The neutron power of a reactor, after a sudden reac-
tivity increase, changes with time according to the
equation:

0.06t

P = 100 e Megawatts
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Plot the graph of the power against the time for 100
sec and determine from the graph the reactor power
after 60 sec.

The calculated values of neutron power are as follows:

Time ti(sec)! Q0 {101 20 30| 40 50 60 | 70 80 30 100

Power P(Mw) (100(182(332(605{1100(2010|3670{6650112200({22100/4Q000
From the table it may be seen that a linear scale is
required for the time and a 3-cycle log scale for the
power. The graph is shown in Figure 6, page 5.
Power after 100 sec = 40,000 Megawatts.
Note that on semilog graph paper an exponential graph
is a straight line.

Example 2:
The following gamma radiation dose rate measurements
were taken at various distances through the NPD con-
crete shield:

Distance into

shield from 50 60 80 | 120 160 200
inner face {(cm)
Dose Rate (R/hr) il x 10°3,1 x 10%}42(0.72]1.2 x. 10722 x 10~"

The distance scale must again be a linear one but the

dose rate has to be a logarithmic scale covering 7 dec-

ades,

The graph is shown in Figure 7, page 6.

Since the graph is again a straight line, it can be
concluded that the gamma dose rate decreases exponen-
through the shield. '

rially

If the
shield
of 184
client.

acceptable radiation dose rate outside the
is 1 mr/hr or 1 x 10-°

R/hr, a shield thickness

cms, or just over 6 £+, would have been suffi-




Example 3:

321,104

The dose rate, at a distance of 1 meter from a source
cf 1 millicurie, varies with the

rays emitted by the source.

The

the dose rate for various energy
curve of dose rate against gamma
the energy when the dose rate is

anergy of the gamma
following table shows
Plot the
energy and estimate
a minimum.

gamma rays.

Gamma Energy

(MeV) 0.01l0.02l0.05 lo.07 |o0.2 lo.2 lo.5 !1.0 [2.0 [5.0110.0
Dose Rate
(mr/hr) at 14 9510.19(0.036(0.034]0.045/0.105(0.29|0.55/0.93]1.8] 3.1

1 meter from

Lsource
Both guantities span 3 decades and so we reguire 3 x 3
cycle log~log graph paper. The graph is shown in
Figure 8, page 7.
From the graph, the dose rate is a minimum when energy
= 0.062 MeV.
Example 4:

The radiation dose received in one hour from a small
gamma source varies inversely with the square of the
distance from the source.
which causes an exposure of 400 millirems per hour at
the dose
rates can be found by using the inverse square law.

A few calculated values follow:

a distance of one foot,

Consider a gamma source

At other distances,

JDistance (ft) 1 Y 4 10 20 100
Doge Rate
Millirems/hr 400 100 25 4 1 0.04

Plotting this graph on log-log paper has two advantages:

2

page 10)

1. A wide range of values can be covered.
. The curve becomes a straight line.
(See Figure 9,

If the student will try to plot a graph of the above
information on a linear-linear graph sheet, he w111
immediately see the difficulties involved.
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ASSIGNMENT
{(a) What is the basic difference between the divisions on a
' logarithmic scale and a linear scale?
(b) What is a decade on a logarithmic scale?

State the advantage and disadvantage of a logarithmic scale
over a linear scale.

Under what circumstances would a logarithmic scale be used?

The following table shows the decrease in neutron power in a
reactor following a trip.

Neutron Power
(% Pull Power) 10012.211.0(0.3(0.058|0.013|0.00280.0013(0.001
Time (Minutes) 0 [0.5|1.0] 2 4 6 8 10 12

Plot the graph of neutron power against time and determine
from the graph the time required for the neutron power to
decrease to 0.1% of full power.

5. The total weight of heavy water in the air in the boiler
room of a nuclear electric station required to produce a
certain tritium concentration is given in the following
table.

Tritium j
Concentration 100 500 1000 5000 10000 50000
(M.P.C.)

Weight D,0O (1lb) l1.62 8 16.2 80 162 800

Show graphically how the tritium concentration varies with
From the graph deter-
mine the tritium concentration when there are 25 pounds of
D»0 in the air in the room

the weight of heavy water in the room.

11l -
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The thermal power in a reactor following a reactor trip
varies with time as shown in the following table.

Time (seconds)

0.5

10

100

1000

10,000 -

Thermal Power
{3 full power)

100

|

92

67

12,2

7.5

3.9

1.25

Plot the graph of thermal power against time and, from the
graph, determine how long it takes for the power to drop to

6% of full power.

W. McKee
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Mathematics - Course 221

BASIC RELIABILITY CONCEPTS

The material in this lesson is intended to provide the basic
probability and reliability concepts required in the reliability
evaluation of nuclear power station systems. The emphasis is on
the analysis of safety systems, eg, ECC, shutdown systems, con-~
tainment,

I. BASIC PROBABTLITY

The word probability is often used very loosely, and it is
important that it is recognized as a technical word implying "a
measure of chance".

Probability is expressed over a scale of 0 to 1 as shown in
Figure 1.

0.5
| | |
I —
absolute toss of absoclute
impossibility a coin certainty
Figure 1

Probability Scale

Examgle 1

Roll a die. What is the probakility that a two appears?
There are only six possible outcomes to the experiment and only
one of them gives a two.

The probability of a two appearing is 1/6. Symbolically:
P(2) = 1/6

The proability of a two not appearing P(2)is 5/6.
Symbolically:

P(2) = 5/6

If p is the proability that an event occurs and g is the
probability that the event does not occur, then:

pt+tag=1

February 1979 . =



In engineering applications, component success or failure
probabilities cannot usually be determined by their geometries
ag in the case of a coin, a die, a roulette wheel, a deck of
cards, etc. A frequency interpretation of probability must be
used.

If n is the number of times an experiment is repeated and f
is the number of occurrences of a particular event E, then the
probability of E's occurring,

p(E) = 1IN (§)

yi-o

Independent Events

Consgider two events: if the outcome of one cannot be af-
fected by the outcome of the other, they are said to be indepen-
dent. ' '

If there are two independent events, Event A and Event B,
the probability of both Event A and Event B happening equals the
product of the probabilities of each happening. The combined
event is designated Event AR.

P{AB) = P{A) x P(B)
Generalizing to n independent events:
P(AIAZ...AH) = P(A;)P(Az)-..P(An)

This relation is of utmost importance in reliability work.
For example, consider an electronic system which is composed of
5 components: the probability that component No. 1 survives
P(A:} is some value p,;; for component No. 2 P(Az) = p: and so
on, The system will survive (ie, maintain the ability to per-~
form its task) only if all its components survive., The proba-
bility of this event is:

P(system survives}) = pi. Pz2. P33+ Pus. Ps

In words, the probability that the system survives is the
product of the survival probabilities of its components.

Where do the pj's come from? They are based on empirically
(based on practical experience rather than theory) determined
failure rates. For systems in the design stage, one uses his-
torical data collected from tests under simulated operating con-
ditions or from items used in similar duty. For operating
. equipment, this data can be refined using actual experience; in
this way, the effects of any "local" or individual conditions
can be included.
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I1. BASIC RELIABILITY

Reliability (R) is the probability, at any given instant,
that a component or system will be available to perform its in-
tended function. Unreliability {Q) is Jjust the opposite of reli-
ability, ie, the probability of being unavailable at any given
instant. Both are dimensionless gquantities and represent the
fraction of total time spent in either condition. R + Q must
always equal 1; ie, if a component is out of service 2% of the
time, it means the component must be in-service 98% of the time.
Hence, R = 0,98 and Q = 0,02 and R + Q = 1.

In safety system analysis, we generally speak of unrelia-
bility (Q). This is purely for arithmetical convenience; ie, it
is easier to write an unreliability of 10-° than a reliability of
0.99999,

Redundancy

In some instances requirements are beyond the inherent reli-
ability of the equipment. To meet the requirements, one can
employ redundant components. The justification for redundancy is
simply that multiple random failures are less likely than single
ones.

There are two types of redundancy - active and standby. In
active redundancy, all components operate simultaneously, while
in standby redundancy, the components operate in solo and require
a switching operation to change from an operating one to a
standby one.

Example of Active Redundancy

The simplest form has only two components, eg, two 100% con-
trol valves. 1If one or both of them survive (operate as required),
the system is said to be 'successful'.




'Success Modes'

Both operate as required (each allowing 50% flow)
P(A) x P(B) |
A operates allowing 100% flow, B failed
P(A) x [1-P(B)]
A failed, B operates allowing 100% flow
| [1~P(A)] % P(B)

- The probability of the system success (required operation)
igs equal to the sum of all success modes:

P =P(A) x P(B) + P{A) [1l-P(B)] + [1-P(A)})] x P(B)

]

P(A) + P(B) -~ P(A) x P(B)

If P(3a) P(B), it is easily shown that:

=i
l

2P(A) - P2(A)
=1 - Q?(a) when P(A) + Q(A) =1

The probability of at least one component success is equal
to 1 minus the probability that both components fail.

Example of Standby Redundancy

A similar approach can be taken with standby redundancy
(eg, 2 x 100% pumps, when one fails the other is switched-on).

/.

’ B

Two approaches are commcn: one which assumes failure free
switching and the other which considers that switching may fail.
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1IT. SAFETY SYSTEMS UNRELIABILITY

Safety systems are standby, 'guardian angel' systems - they
normally operate only when process equipment fails. For example,
the reactor protective system trips off the reactor only when the
regulating system fails; otherwise the protective system does
nothing. Similarly, the containment system operates to confine
the spread of radicactivity within plant boundaries only in the
event that both regulating and protective systems fail simultane-
ously.

For safety systems, the unreliability is numerically equiva-
lent to the wunavailability.

Definition

The unavailability Q of a component or system is the frac-
tion of time during which it would not function as required.

Thus: Q = At,

where A is the failure rate in failures per year, and
t is the agverage fault duration in years,

Failure rates can be calculated on the basis of operating
experience.

ExamEle 2

Calculate the failure rate of a component, given that 6 com=-
ponent failures occurred during 4 years' operation of 12 such
components,

No. of component failures

Solution A= No. component-years of operation

i

0.125 failures/year.

Since safety systems are passive until hazardous circum-~
stances arise, and since it is unwise to wait for such circum-
stances to arise before finding out whether the safety systems
are still operative, the systems are tested periodically. For
reliability evaluation purposes, the system is assumed to be in a
failed state for one-half the test period each time it fails.

This is obviously the long-term average fault duration, although
the actual fault duration on any particular occasion can be any-
thing from 0 (ie, component fails just as test occurs) to one
test period (ie, component failed at conclusion of previous test).

5
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The fault duration, t = % + r,

where T is the test period in years, and r is the repair time in
years, :

Normally r<<T, and is neglected in reliability calculations.
Accordingly, the usual formula for unreliability of safety sys~
temg is:

Example 3

Pickering Pressure Relief Valves are tested at a rate of 1
per month. Since there are 12 valves the test interval for each
is one year, and hence:

_ T
t = = +

= % yvear + few days

I

% year

ExamEle 4

During six years of operation, a power reactor experienced
the following independent faults:

- two faults in the regulating system which rapidly
increased the power to such an extent that the
reactor was shut down by the protective system,

- three faults which would have prevented operation
of the protective system if it had been called on
to act, were detected by routine daily testing of
the protective system.

Assuming the faults were repaired within minutes of béing
discovered, calculate the annual risk of a run-away accident in
this reactor (ie, the average annual frequency of such accidents).
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Solution

The annual risk A.R. of a run-away accident equals the regu-
lation system failure rate Ap times the fraction of time the pro-

tective system is unavailable, Qp'

ie, AR, = ARQ

- T . _, T
—)‘R"p‘zR (.0 = Ay =)
=

eE years)
2

(2 failures) (3 faults)
6 years 6 years

—
Lo

2 x 10™* accidents/vyear.



ASSIGNMENT

In 12 years of operation of 30 pressure detection instru~
ment lines in the containment system, 5 failures were de~
tected. The instrumentation is tested semi-annually. What
is the unreliability of a pressure detection line?

In 12 years of operation of 6 dump valves, 3 failures were
found. The dump valves are tested twice weekly. Determine
the valve unreliability.

Agsume that the expected freguency of a complete unsafe
failure of the NPD regulating system is once every 2 years.
What is the annual risk of power excursions if the failure
rate of the protective system is:

(a} Complete system failure occurs once each year and
the system remains in the failed state for 1 day.

(b) Complete system failure occurs 6 times each year
and failures are detected and corrected at the
beginning of each shift.

Two pumps P, and P, operate in series. P; raises line
pressure to meet P,'s intake requirements. The system will
fail if either pump fails. If P, and P, have unreliabili-
ties of 1.2 x 10~% and 5 x 10~%, respectively, calculate
system unreliability.

Two identical pumps, each with unavailability of 2 x 10-2
are operated in a 2 x 100% arrangement. Calculate the
unavailability of the system,

Weekly testing of a system of 15 switches has revealed 50
switch failures in 10 years' operation. Calculate the
unreliability of a switch,

How often should a system of 12 dousing valves be tested in
order to meet an unreliability target of 1.0 x 10-%, if 15
valve failures have occurred during the past 5 years?

L.C. Haacke
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Mathematics - Course 221

THE STRAIGHT LINE

I Slope of a Straight Line

The slope of a straight line in the xy-plane is a
measure of how steeply the line rises or falls relative
to the x-axis.

More precisely, the slope of a line is the increase
in y per unit increase in x,

OR the rate of change of y with reépect to x.
In Figure 1, for line segment P;P,,

Ay = ¥, - y1 is called the ricge

Ax = x; - %, is called the ruxn, and

8 is called the angle of inelination of the line.

Py{xs,¥2}

\

Figure 1

April 1980



The numerical value of the slope, usually designated
"m", is given by

rise _ y2 - ¥a

slope m =
ran X2 =~ X1

By trigonometry applied to right triangle P;P:Q of Figure 1,

‘:-ﬂ:
tan 8 A% m

ie, the slope of a line is numerically equal to the tangent
of the line's angle of inc¢lination.

Note that the angle of inclination is defined as the small-
est angle measured counterclockwise from the positive x-axis
to the line, and therefore is always less than 180°.
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The following table summarizes the correlation between
the slope and orientation of a line in the plane:

Line Orientation

Typical Sketch

Slope Value

Rising to the right m >0
8<90°
Falling to the right \zw m< 0
& AN
X
Parallel to x-axis Y m=20
(Ay = 0)

Perpendicular to
x~axisg

h
J
]

m undefined
{Ax = 0)




Example 1

Find the {a} slope (b} angle of inclination of the line

which passes through (~2,4) and (3,-5)

Solution
~ Y2 T ¥
(a) Slope X T
=5 =4
T 3-(-2)

NOTE: In the previous solution, P;{x;, vi)

Py(x2, v2) =(3, -5). However,

(-2, 4) and
the choice for P; and

P, could have been reversed without affecting the

answer. {Check this.)

(b)) tan 6 = ~1.8

=) associated acute angle = tan-'1.8
= 60.9°
.+ angle of inclination, = 180~-60.9°
= 119.1°

60.9°¢ \119.10
b4

{cf lesson 321.20-3)
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Example 2

{a)
{b)

‘Given that the slope of a line is 1.5, find the change in
X corresponding to an increase of 3 in ¥y.

y corresponding to a decrease of 4 in x.

Solution

Let P{x,y} and Q(x + Ax, y + Ay) be any two points on the

line (see Figure 2}.

pg = &Y !
Then slope of PQ = iy = 1.5 Q(x + Ax, y + Ay)
!
) Ay =3 = 3. = 1.5 ’
(a) dy =3 =3 =1 | Ay
!
3 !
le, Ax = 1% P(x, Y) ——
Ax
-2 /
A
7 Ly ®
X increases by 2 if y .
increases by 3 {(between any
two points on the line.)
Figure 2
(b} Ax = -4 {(x increases by -4 if x decreases by 4).

. Ay = (-4)(1.5)
= -6

y decreases by 6 if x decreases by 4.

II Parallel and Perpendicular Lines

(a)

(b}

Parallel lines have edqual slopes,

ie, line L; || line L& m; = m;

The slopes of perpendicular lines are negative reciprocals,

1

ie, line L, ' line Lo @ m = - I-Hz_



Example 3

Find the slrpe cf the family of lines (a) parallel

(b} perpendicular to a line L with slope m = 2 .
5

Solution -

&1}

(a) Slope of family of lines parallel to L =

_mlm b=

e
I
|

{b) Slope of Family c¢f lines perpendicular to

pjen mlm‘r—- gl

[
|

IIT Eguation of a Line

The equatiorn 2} a lina is the relarvionship which is
satisfied by ths wrdinates of all pulantes on the line, and
by no ethers.

(a)  Two-Point Form

Reguired: *o find the equation of the line which pass-
2g vhyvugh points Py {x;,v.) and P, (X.,va) -

Solution: Let P{2,y! be any pcint {(other than P; or
P;) on the line (see Figure 3},
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Then slope PP = slope P,P, (all line segments have same

slope)
je, L1 - Y27¥31
I x=xX, Xo-X3
. ¥ - ¥1 = %3—:—§lv(x - X;) Two-point form.
2 = X

Example 4

Find the equation of the line passing through points (-2,4)
and (3,-5)}.

Solution: Using two-point form,

2

Yy - ¥y = X2

-y, )
r_— (x - x3)

ie, ¥y -4=3F"ry x- (-2))

_ =9
-—g(X‘FZ)
ie, 5y - 20 = -9x - 18

ie, 9x + 5y -2 = 0

Note:

(i)} The answer has been expressed in the so-called general form
of the straight line equation, Ax + By + C = 0.

(ii) Points Pi1(xXi,y1) and Pz (X:,v,} ¢an be interchanged in the
above solution without affecting the answer. (Check this.)

(b) Slope-Point Form

Required: to find the equation of the line having slope
m and passing through P, (X:, vi) .

Solution: Let P{(x,y) be any point on the line (see Figure 4).



Figure &

Then slope F;P = m

Y -~ ¥1 = m{x - x3)| Slope-Point Form.

. Example 5

Find the equation of a line with slope -2 and passing

Sclution: Using slope-point form,

e,

ie,-

ie,

(c}

Y - ¥ = m{x - %}

Yy - 5= =2{x - (~3}) (substitute (-3,5) for (x,.,y;))

Yy - 5= -2x - 6

2 + v+ 1 =20

Slope-Intercept Form

Required: to find the equation of the line with slope m
and y-intercept b.

Solution: Let P(x,y) be any point on the line (see
Figure 5).
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Then slope BP = m

ie, X.-_b

X -0

i
3

ie, vy - b = xm

ie, |y =mx + b Slope~Intercept Form

Examgle 6

Find the equation of the line having slope % and y~-intercept
_3.

Solution: Using slope~intercept form,

Y mx + b

ie, y = %x + (-3)

ie, 3y =2x -9 {(mult. both sides by 3}

ie, 2x -3y -9 =0

Example 7

Find the (a) slope (b) y-intercept (c) x-intercept of the
iine 5x - 2y + 10 = 0,

Solution: The simplest way to find the slope and y~intercept
is to express the equation in slope=-intercept form
by solving for y:



- 10

5x - 2y 4+ 10 = 0
. - 2y = «-5x ~ 10
. y = %x + 5
¥ 1
m b
)
{a) slope m = 5 and

(b) y~intercept b = 5

(c)
by substituting y = o

5 - 2(0) + 10

X -2

. » X-intercept

Example 8

Find the equation of
(-4,1}), and perpendicular

Solution: Equation of L,
" . m] = 3
- —_ _l
ms = ™
= o—!-_
3

At the x-intercept, y = o.

(y = mx + b)

Thus the x~ccoordinate is found
in the equation, and solving for x:

0

the line L, passing through the point
to line Iiq 3% -y - 2 0.

in "y = mx + b" form is vy 3x - 2

‘. Equation of L; is y - y1 = m{x - x;) (slope-point form)
Y- 1l=-3 (- (=4)  (xi,y0) = (-4,1))
ie, 3y - 3 = ~-(x + 4)
= -x - 4
X+ 3y +1=20
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Graphing Lines

Recall that all equations of the form
Ax + By + C =0 (generai form) or
vy =mx + b (slope~-intercept form),
represent straight lines in the xy-plane. The (x,y} co-ordinates

of every point on a line (and no others) satisfy the equation
of the line.

Steps to Graphing a Line

1. Solve the equation for vy (or x}.
2. Make a table of values containing at least three points.
(The third point serves as an internal check: 1if all three
points do not line up on graprh, at least one point is in error.)
3. Plot points.

4., Draw and label line.

Example 9
Graph the line 2x - 5y + 6 = 0

Step l: y = 25—%—5

Step 2:

Ul o

Step 3, 4:
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ASSIGNMENT

Find (i) the slope, (ii) the angle of inclination, and
(iii) the equation the line passing through the points,
{a} (0,0} and (3,4}

(b) (0,2) and (3,0}

{c) (2,-2) and (-2,2)

(d) (5,2} and (0,2)

(e} (~3,1) and (~3,4)

Show that the following three points lie on the same
straight -line:

P(~5,-3), Q(-1,-1), R(5,2)

Graph the following lines and find their slopes and inter=-
cepts:

{a) x+y =4

(b) 5x - 4y - 20 =0

{c}) 5y -6 =20

{(d) 15x + 4 = 0

State the slope of the family of lines (a) parallel

(b} perpendicular to each of the lines in guestion 3.
Find the equation of the line passing through the given
point with the given slope.

(a) (4,3}, m= 1/3

{b) {-4,~1}), m = -5

(c} (-7,-5), m =0
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Find the equation of the line passing through the given
point with the given angle of inclination.

(a)
{b)
{c)

(3,3), 6 = 45°

I

("1;4) ;e 30°

135°

(21'-5) re

Find the slope and y-intercept of each of the following lines:

{a}
{b)

2% = 5y + 6 = 0

8x + 3y ~ 7 0

For each line in question #7, state the change in

(a)
(b)

x corresponding to an increase of 3 in y.

y corresponding to a decrease of 5 in x.

Find the egquations of the following lines:

(al
(b)
{c)

(d)

(e)
(£)

passing through {-1,4} and (-1,-2)
passing through (-2,~5} with slope %

with y-intercept —4%-and slope —%

passing through (0,0) and parallel to 4x +y - 2 = 0
with y-intercept 6 and perpendicular to x - Sy + 3 = 0

passi@g through (6,0) with angle of inclination 45°.

L..C. Haacke

- 13 -
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Mathematics - Course 221.

THE DERIVATIVE

I LINEAR FUNCTIONS

Recall that linear funcetions are functions of the form
fl(e) = me + b,

where "m" is the slope, and "b" is y~intercept of the line
y = f(x).

¥
y= mxtb
Q(Z2,Y2) WT
By
P
1 | i
——————————— 4
i ]
///// s Az i
(‘\ I |
/ 4 &y r1+4x x

Figure 1

For example, as the point P{x,y) moves up the line from
P; to Q in Figure 1, x increases by Ax and y increases by Ay,
and y increases m times as fast as «x, where

= by
m Az

ie, for a line with slope 2, y increases twice as fast as
- & as point P(x,y) moves along the line.

In other words, the slope of a line gives the rate of
change of y with respect to & along the line.

April 1980
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In Figure 1, as P moves from P, to ¢, « and y are both
continually changing., Therefore the rate of change of y with
respect to 2 (the slope) must have meaning not only over the
whole segment from P; to Q, but at every point along the line.
The slope of the line at a specific point P; may be called the
'inetantanebus' rate of change of y with respect to x at P;.

Note that "instantaneous" is placed in inverted commas
gince ¥ = x,; represents an instant only in a figurative
sense.

The slope of the line at point Py is found by taking the

timit of the slope of segment P;Q as Q moves to P, along the
line,

ie, symbolically,

slope of line at P; = lim slope segment P;Q
Q+P, '

im 24
= lim
Azx+o b

Note: Read "lim" as "limit as Q tends to P; of..."
. Q+P 1

and "1lim" as "limit as Ar tends to zero of..."

Az+0
Example 1
Find the 'instantaneous' rate of change of f(x) = 2x + 1

with respect to ¢ at & = 3.
Solution

The problem may be restated as follows: "Find the slope
of the line y = 2x + 1 at the point P, (3,7}".
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¥
25 1T
20+
= 2 + 1
. Q(xy,Y2) ¥ x
151 | l'T_
| N
10+ I
P1(3,7) ~ 1l
5+ }—-e————-——A.’c-—~——~——>—|
t I
I [
2 4 4 6 K 10
3 3+Ax

" Figure 2

The following table has been constructed with reference to
Figure 2, showing the slopes of segments P;Q for various
positions of Q as Q moves towards P; along the line:

Coord's of Q Slope P,Q = %%;%

Ax ] . Y2

10 13 27 %%5% =2

5 8 17 5%5% = 2

1 4 9 >3 = 2

1 3.1 7.2 122 = 2
.01 3.01 7.02 10207 2
107% | 3+ 1075 | 7+2x 107" giiﬁlg:;’7 = 2

The pattern of these results indicates that, no matter how
close Q gets to P, the slope of P;Q equals 2, and that the slope
of y = 2x + 1 AT P,(3,7) is therefore probably equal to 2.
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This can be proved algebraically as follows:

Slope of line at P;(3,7) = lim slope of segment P;Q,

where Q has coordinates x,
and y,

slope of line at P,(3,7)

QP
= 3 + Ax
= f(xz)
= £{(3 + La)
= 2(3 + Ax) + 1
= 6 + 2Axz + 1
= 7 4 2Azx
= 1lim  Z2-¥3
Az»o F2—¥1
. (7+202Y -7
= lim “g—m——_t—
; lim %gg
Am=>o
= lim 2
hx>r0O
= 2 (2" is a constant,

independent of Ax)

Note that it would be improper to substitute 0" for "Ax"
before the second-<last line above, since this would lead to the

indeterminate form, "0:0".

Exercise:

Do an analysis similar to the above to prove that the

'instantaneous' rate of change of f{x) = S - 2 at (1,3) equals 5.
Example 2

Prove that the 'instantaneous' rate of change of the linear
function f(x) = mx + b

with respect to x, at point Py(x;,y1}, equals "m".

Solution

The problem is equivalent to proving that the slope of the

line y =

me + b at the point P;{z;,y:) eguals "m".
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LS xy)+Az
'Figure'B
= = 1im 24 i
S5lope of y = mx + b at P, = 1lim e {see Figure 3)
Ag-ro
where Az = z, - 2,
= (.’L‘]_. + Ax) - a2
= Agx
and Ay = yp - ¥y
= £{xz) - f(x1)
= (mxz + b) - (mx, + b)
= m(xq - x4}
= mix
.. slope at P; = lim %Eg
Ax+o
= lim m
Ax-+0
=m

CONCLUSION: THE 'INSTANTANEQUS' RATE OF CHANGE OF A LINEAR
FUNCTION EQUALS THE AVERAGE RATE OF CHANGE OF THE
SAME FUNCTION, AND BOTH ARE EQUIVALENT TO THE SLOPE
OF THE LINE REPRESENTED BY THE FUNCTION.




[[]
Notfation: lim
Ax—+o

n "

3

- - "dy
£ is abbreviated T

[~

read "dee y by dee z", and is called the derivative of ¥y
with respeect to z.

Definition:

The derivative of a function f(x} with respect to x is the
'ingtantaneous' rate of change of the function with respect to =x.

Thus the words "'instantaneous' rate of change" are inter-
changeable with "derivative" in the foregoing.

11 GENERALIZATION TO INCLUDE NONLINEAR FUNCTIONS

Definition:

The derivative (’inetantaneous' rate of changel! of a
Ffunction f(x) at the point P;(x,;,y;)}) is the limit as Ax tends
to zero, ©of the average rate of change of f(x) with respect to
% over the interval 2z = z; to x = 2y + Ax.

Symbolically,

fx +hg) - f£(x,)
Ax

' (x,) = 1lim
Ax->0

The notation "f£f'(x;)", read "f-primed at z:", stands for
the derivative of function f{x), evaluated at 2 = 2%

OR "the instantaneous rate of change of f(x) with respect to =z
at x = x,".

Hereafter "rate of change of" will be abbreviated "R/C" and
"with respect to" will be abbreviated "wrt".

Graphical Significance of Definition of berivative

Definitions:

A segeant to a curve y = f({x) is a straight line cutting the
curve at two points.
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A tangent to a curve y = f(«x) is a straight line touching
the curve at one point only.

Y

Q22,4 2) secant

WA
L/
8

Figure 4

With reference to Figure 4, as point P{x,y) moves up the
curve from P;{a,,y1) to Q{xa2,y2) % changes by Az, from x, to
x, + Az, and y changes by Ay, from f(x;) te f(x; + Ax)

It

slope of secant P;Q

- 8y
hx

Elay+Ax) -~ £(x4y)
Az

.. average R/C f{x) wrt x

Now imagine point Q moving down the curve towards P;. As
Q moves towards P;, the secant P;0Q rotates clockwise and the
interval Ax shortens, until, in the limiting position Q coincides
with P;, Az = o0, and secant P;Q coincides with tangent P,T.
Furthermore, the average R/C f(x) wrt z (secant slope) becomes
the 'instantaneous' R/C f{x) wrt =z {(tangent slope).

It should be obvious that the tangent slope at P, equals
£'{2,), the derivative at P;, since the tangent takes the same
direction as the curve at P;. Thus the R/C y wrt zx along the
tangent line is the same as along the curve at the point of
tangency. In fact, when one speaks of the "slope cof a curve"
one 1is understood to mean the "slope 0f the tangent to the curve"
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To summarize, the following are equivalent:
{1) ‘instantaneous' R/C f(x) wrt & at =z = z;,
(2) the derivative of f(x) evaluated at =z = 2;:

fley + Az) - f(xy)

f'{z;) = lim ia

Azx~»o

(3) the instantaneous R/C y wrt = at = = x;, where y = f{z):

%= 1im 3L (b = 2, = @)
{(4) lim (slope of secant P,;Q}
QP

(5) tangent slope at P;{xi1,y1)

(6) slope of curve y = £(x) at z = x,

Examgle 3
2

Find the 'instantaneous' R/C f(x) = «* wrt 2z at = = 2,

Solution

25 4
20 1

15 1
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The following table has been constructed with reference to
Figure 5, showing the slopes of secant P;:Q for various positions
of Q as Q moves towards P, along the curve:

Coord's of Q
= Y2-4
Ax X, Y2 Slope P,Q X3 =2
49-4 _
9-4 _
1 3 9 = =5
0.1 2.1 4.41 .41-4 = 4.1
4.0401-4 _
0.01 | 2.01 4.0401 4,0401~4 = 4.01
10=¢ | 2 + 10=% | a+axio—S+10-i2| AHEXIOTAL0T _ 4y g4-e
2+10~%-2

The pattern of these results indicates that the slope of
secant P;Q approaches ever more closely to 4 as Q approaches
P, along the curve, ie, that the tangent slope of P, is likely
equal to 4. _

This will now be proved algebraically:

]

Tangent slope at P, (2,4} £r(2)

= lim f(2+A§L-f(2)
Az-+o

2 _~n2
1im (2+Q§L 2
Ax—+0

44 A+ (Az) 2~4

lim

Ax>0 Az
= lim (4+Azx)
Ax+o0

= 4
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Exercise:

Do an analysis similar to the foregoing to show that the
'instantaneous'! R/C f(x}) = 2x% + 5 wrt x at z = 3 equals 12,

Example 4 -~ Power Functions

Definition:

A power funetion is a function of the form f(z) = z",
n a constant, '

The derivative of f£(x) = x2P at point P;(x1.,y1) is

£'(x;) = lim Fa+ox) —£(x,)

Ax+o Az
= lim ($1+ﬂxin =& 1n
Ap+0 x

It can be shown with the use of the binomial expansion
formula, which is beyond the scope of this course, that this
limit equals nx,»"1, ie,

£' (21} = nx,"

Since x; can take any value, the subscript on x, can be
dropped, and the general result for a power function is:

f(x) = 2® = f'(x) = ngb~?

NOTE that £'(x) is the derivative function, ie, £'(x)=nz"~

is a formula for calculating the ‘'instantaneous' R/C f(x) = xB
wrt £ at any point P(x,y).

Examgle 5

Use the result of Example 4 to obtain the 'instantaneous'
R/C £(2) = x*wrt =z at oz = 2 (cf Example 3).

1

?
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Scolution
flz) = 2% = £'(a) = 222"}
= 2
. £r(2) = 2(2)
= 4
.*. 'instantaneous' R/C f(z) = 2%, at # = 2, equals 4.
Example 6
Find the slope of the tangent to y = x2? at = = -2.5.
Solution
flz) = z* = £'(x) = 3xz°
. f£'(-2.5) = 3(-2.5)°%
= 18.75

‘. slope of tangent to y = %, at x = -2.5, equals 18.75.

NOTE that alternative notations for writing down the
result for power functions are:

or, simply,

d . -
EE-’E = nx

1] n

In the latter notation é% ;, read "dee by dee x of...",

is regarded as an operator, which oOperates on the function xn0

to produce its rate of change, nzP~1l,
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IIT GSTANDARD DIFFERENTIATION FORMULAS

Definition:

To differentiate a function is to find its derivative.
The prbcess of differentiating is called differentiation.

Trainees are expectéd to be able to apply the following
formulas:

(1) gz % = nz?™? (power rule)

(2) é% cf(x) = ¢ é% f(x) , where "c" is a constant

(3) i_c = 0, where "¢" is a constant
d _ 4 <!
(4) 3w (£(x) £ g(x)) = Iz (=) = Y g(x)

The power rule was developed in the preceding section.
Formula (2) may be stated epigrammatically as follows: "The
derivative of a constant times a function eguals the constant
times the derivative".

Proof of Formula 2:

Let g{x) = cf(x)
Then, g'(z) = lim 3{&*lx)-g(x)
Agz-+0 o
- lim cf(et+Ax) —cf{x)
Ax+0 bz
. Flat+tAx) -f(x)
= ¢ lim
Azx+o Az
= ¢f'(x)
. d - d
o a—ch(xJ = C azf"‘”’

- 12 -
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[ H
~3 ~1
u
5 8
+
—- 8

Proof of Formula 3:

It

Let f(x) C.

f (x+Ax) —£(x)
Ax

lim
Az+o

Then, £'(z)

. c = C
Lim =

Axz+o

I

0

]

lim
Ag+o

=0

Aside:

Note that if "0" were actually substituted for "Az" in the
second-last line above, the result would be the indeterminate
form "0+0"; however, the process of taking the limit as Ax-o
is not that of simply substituting "0" for "Aaz", but rather that
of ascertaining the value of an expression as "Ax" tends to "0",
(A more advanced or rigorous treatment would include a formal
discussion of limit theory; this text glosses over many
subtleties of the subject.,) Note that 0s4x=0 for any finite value
of Ax, no matter how small.

Note that the graph of y = f£{x) = ¢ is a straight 1line,
parallel to the x-axis, with slope equal to zero (see Figure 6),
consistent with a zero derivative value.

13
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(slope=% =0)

g{x+iz) —g(z)

{
y=c
(o,c)
FanY »
/ ”
Pigure 6
Examgle 8
(a) - 8 =0
(b) £ (-13) = 0
() & =0
Proof of Formula 4:
Let h(z) = f(x} + g(x)
: Ax+0
- 1im LE(@Hbz) +g(z+ba) ] - [f(x) +g(x) ]
Ax
Ax>0O
- lim [f(m+ﬂx)-f(m)i+[g(m+ﬂm)“g(a¢)]
i
Ax+0
e flx+Az)-f(x) gl{z+iz) -g(x)
= lim ( R + iz )
Ax+o
= 1im f(x+ﬂi;—f(m) + 1im
Ag>0 Agro

- 14 -

Ax

g'(x}



ie, & [£(@)+g(2)] = & £(a)+ & g(=)

The proof is similar that

d

& @) -g)] = & £(=) -2 g(a)

ExamEle 9

(a) é% [z3+27]

(b} g% {6x2-2x%)

(¢) é% [15x%410]

(@ S 2

.= é% x3 + é%-x’
= 3x? + 76
= é% 6x2 - é%-zms
=6 o 22 =2 £ 0
= 6(2zx) ~ 2(3z?)
= 12z - 6 z?
= 2 1522 4 410
= 15 é% z? + 0
= 15(2z)
= 30 x
= é% 2xﬁ
= 2 é% ok
_—./zéxlz—l)

1 1
= 2~% or ;f or =

221.20-2

(law (4))

{law (1))
(law (4))
(law (2))

(law (1})

(law (4))
(laws (2), (3))

{(law (1)}

(Y = :c"'—“)
(law (2))

(law (1))
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Example 10

Find the tangent slope to the curve y = vz (x?+5) at = = 1,

Solution

Since the rule for differentiating a product of two funct-
ions of z (vx and (x%+5)) has not been given, the product
must first be evaluated:

¥y = vz (x2+5)
= g% (x2+5)

¥ 4 5.k

&z

Then g% Jl (x;i + Sxﬁ)

dax
- 4 on |
& Y@t (law (4))
=5 % d
797 tfoE«®
=3 x% + 2 ="
Z )
= 2 VFF o+ ==
2 2vx
. _ _5 5
. at x = 1, tangent slope = 5 Vi + Wil
_ 3 5
=37 * 3
= 5

- 16 -
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ASSIGNMENT

1. Find the tangent slope at (x,f{x)) for each of the
following functionsg:

(1)

by evaluating lim

f(x+bix) =f (x)
Ax

Ax=+o

(ii) by applying the differentiation formulas.

Include graphs of the functions, and evaluate the tangent
slope at & = 2 in each case.

{a)

(b)

f{xz)

flx)

522 = 22 + 1

2
x

2. Find g% .

(a)

(b)

{c)

¥

y=

2x" - 42 + 15

)3,
+
81,

where "a" is a constant

e

3. Find £'{zx):

(a)

(b}

(c)

(d)

f(x)

Fla)

fx)

(=)

= 2% - 6x + 3
= g3 (2x2-1)

ax?® 4+ bx + ¢

T - 39% - 5

- 17
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Find

(a)

(b)

(c)

the 'instantaneous' R/C y = 2z = 32?2 = 2 + 5 at = = 2.

the slope of the tangent to y = %}é at =z = %
x

the values of x at which the derivatives of x?® and
x? 4+ x wrt x are egual. ({See Appendix 3 for methods
of solving quadratics.)

L.C. Haacke
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Mathematics - Course 221

SIMPLE APPLICATIONS OF DERIVATIVES

I Eguations of Tangent and Normal to a Curve

This exercise is included to consolidate the trainee's
concept of derivative as tangent slope, and to review the
procedure for finding the equation of a straight line,.

DEFINITION: The normal to the curve y = £(x) at a point
P(x,y) on the curve is the straight line
passing through P, which is perpendicular
to the tangent at P.

¥ y = £(x)

\Pl (x1,¥1)

FanY
3/

Figure 1

In Figure 1, P,;T is the tangent, and P;N is the normal
to the curve y = f(x), at the point P;(xi,v.).

The slope of tangent P,T = f!(x,).

.+ Egquation of tangent P,T, is

Y - ¥r = £l (x,)(x - X1) (slope - point form)

April 1980



Since the slopes of perpendicular lines are negative reciprocals
(cf 221.20-1),

-

. . equation of normal P,;N is

1
Y -y = - _fl(x.l) (X = xl)

ExamEle 1

Find the equations of the tangent and normal to the
curve y = 4x - x? at x = 2, Sketch the graph of y = 4x - x?,
showing tangent and normal at x = 2,

Solution

First find the y co-ordinate at x = 2, using curve
equation y = 4x - x%:

y = 4(2) ~ (2)°

= 0
« « Curve, tangent and normal intersect at:(Z,OJ.

- n ‘d_y = 4 - 3x2

.". at (2,0), tangent slope = 4 - 3(2)?

= -8
. . tangent equation is y - y; = m{x ~ x;}
ie, y - 0= -8(x - 2)
= -8x + 16
ie, 8x +y ~ 16 =0

1
tangent slope

Slope of normal

- -4
=8
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Equation of normal is y - y;

I
=
M
]

*

ie,

l<
|
o
I
oo|
"
|
z

ie, 8y = x - 2

ie, }{—81—’2:0

The curve, tangent and normal are shown in
Figure 2.

y = 4x - %°




iI

Displacement, Velocity and Acceleration

The application of derivatives to such familiar concepts
as velocity and acceleration should reinforce the trainee's
intuitive grasp of the significance of a derivative as a rate
of change.

The present discussion of displacement, velocity and
acceleration will be limited to the case of motion in one
dimension only.

DEFINITION: The displacement (designated "s") of a particle,
restricted to move along an axis, is given by
its co-ordinate relative to the origin on the

axis.

eg, displacements of particles #1, #2, respectively,
in Figure 3 are -3 and +5.

particle #1 particle #2
{ }
prr— i ' : : 3 + - } . e
-4 -2 0 2 4 6

Figure 3

DEFINITION: Velocity (designated "v") is the rate of change
of displacement with respect to time.

DEFINITION: Acceleration (designated "a") is the rate of
change of velocity with respect to time.

Suppose a particle moving along the displacement axis
passes points A and B, separated by a distance As, at times
t, and t, + At, respectively {(see Figure 4).

t t; + At

} ) |
el h————
0 A B

Figure 4
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The particle's average velocity between A and B is

G.. = A8
AB At

Its instantaneous velocity AT peoint A is

B+A
= 1im é%
At=>0

ie, restating the above in alternative notation,

v(ty) = s’ {ty) or (%%)t .

where s(t) is the diesplacement funeiion.

The connection between %% of this lesson and %% of
lesson 221.20-2, will be obvious from Figure 5, which shows

a typical graph of displacement versus time,

L2}
5 = s(t)
Q(ty,s2)
B —————————————————————
Pl(tlrsl)
o At |
!

|
N ! { ‘
N t t; + At




In comparing Figures 4 and 5, note that points A and B

appear on the wvertical axis,

the horizontal axis of Figure 5.

and instants t; and t; + At on

The trainee should refer back to Figure 4 of lesson
221,20~2, and note its similarity to Figure 5 on previous

page.

From Figure 5,

instantaneous R/C "s" wrt "t" = lim (slope of secant P;Q)

.

N

instantaneous velocity, by

definition

Note that in this application

J 2P

slope of tangent P,T

derivative of s(t) at t

I

=t1

"ingtantaneous" does not appear

in inverted commas, because t = t; does, literally, represent an
instant of time.
To Summarize:
. = As
average veloclity V = Tt
. . ds _ . As 1
instantaneous velocity v(t) = T = lim T =S {£)

At+o

slope of tangent to
curve 8 = s(t)

Similar reasoning yvields the following results for

acceleration "a":

average acceleration a =

instantanecus acceleration a(t)

=

= lim &2 = vl(¢)

At-o a

B 5iE
;

= slope of tangent to
curve v = y(t}
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Example 2

Find the velocity and acceleration functions if
the displacement function is

s(t) = 6% - 4t + 2
Calculate the velocity and acceleration at t = 5.

Solution

s‘(tJ.

f

Velocity function v(t)

gi:‘ (6t% - 4t + 2)

12t - 4

Acceleration function a(t) vi{t)

i

il
=
o
——
Ln

I
-9

Velocity at t = 5, wv(5}
= 5

[+31

Acceleration at t = 5, a(5) = 12

Example 3

If an object is thrown vertically upward with
initial velocity vy m/s, neglecting air resistance,
its displacement upwards from its starting point is
given by the function

s(t) = wvot - 4.9t? meters.

Find the time it takes a ball to reach its maximum
height if thrown upward with initial velocity of 30 m/s.



Solution
Vo = 30 => s(t) = 30t - 4,9t?
The ball will be at maximum height when its velocity

has fallen to zero. Therefore, proceed by setting the
velocity equal to zexo, and solving for t:

v(t) = s!(t)
= 30 - 9.8t
v(t) = 0 = 30 - 9.8t =0
SR
= 3.1

ie, ball reaches maximum height after 3.1 seconds.

Example 4

Two particles have displacement functions s, (t) =
t® - t and s (t) = 6t? - t?, respectively. Find their
velocities when their accelerations are equal.,

Solution

Differentiate once to get the velocity functions:
vi{t) = 9—% = 3t% -~ 1, and v, (t) = dgé = 12+ - 3t?

Differentiate again to get the acceleration functions:
ar(t) = 2L = 6t, and a.(t) = $f2 = 12 - 6t
Set a; = a; and solve for t:

6t = 12 - 6t
. 12¢ = 12

.. t=1
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Substitute t = 1 in v - functions:

vy (1) 3(1)% -1

il

= 2

and v, (1) 12(1}) - 3(1)?

9

]

ie, particle velocities are 2 and 9 when their
accelerations are equal.

ASSIGNMENT
1. Find the slope of the given curve at the given point:
(a) y = 8x ~ 3x? (2,4)
®) y=
Y = 37 (2,2)
(c) y==x+32 (2,3)
" e !
2. At what point igs 2 the slope of the curve y = 4x + x?7?
3. Find the equations of tangent and normal to the curve

fa) y=x (2 ~-x)? at x =1

1

(b} v = x? + 3x™! at x
4, Find the velocity and acceleration at t = 2 given the

displacement function

{a) s(t) = 8t* - 3t

(b) s{t) = 20 - 4t? -~ ¢*

10 r3 4 g

(e) s(t) = =%

It



:... 10_

A baseball is thrown directly upward with initial velocity

22 m/s. Neglecting air resistance, how high will it rise?

S . 3
Given f£(x) = 3— - x* - 2x + 1, find the roots of the eguation
£1(x) = 0.  wWhat significance do these roots have for the
‘curve y = £(x)? Plot v = f(x). (See Appendix 3 for metheds

of solving quadratics).

L.C. Haacke
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Mathematics - Course 221

DIFFERENTIATING EXPONENTIAL FUNCTIONS

I Derivative of eg(x)

Recall (lesson 221.20-2) that the derivative of the
function f(x}) is the 'instantanecus' rate of change of f(x)
with respect to x.

Y
y = eg(X)
Q(xz2, Y2)
|
|
|
b Ay
Py{x;, v1) I
——————————— -
e i | %
r X1 X1 + Ax
Figure 1
g (x)

In Figure 1, the 'instantaneous' R/C f(x) = e
wrt X at x = x; is equivalent to

(1) lim (slope of secant P,Q)
o+P,

{2) slope of tangent P;T

g (x)

(3} f£!'(x,), the derivative of e evaluated at x = x,.

Recall (lesson 221.20-2} the basic defining equation
of the derivative of f(z):

fl(x) = lim f(x + AX) = £(x)
Ax>0

Ax

February 1979



g(x)

Applying this equation to f£(x) = e yields

glx + Ax}) _ _g(x)
Ax

e

fl(x) = lim
Ax+o

It can be shown (but is beyond the scope of this course
to do so) that the above limit reduces to

eg(x) gl(x)

Hence the formula for the derivative of an exponential
function is

E% I _ o9(x) gl (%)
Example 1
4 X e* d x
dx dx
= ex

Note that e¥ eguals its own derivative!

Example 2

2
-2 geX _ d %2
dx = 6§ ax e
X
2
= ge* a% x?2
2
= ge¥ (2x)

i
'_I
)
W
1]

]



Examgle 3
E% e2/§ = eZ/E E% 2vx
2V a_ Y
= @ (23§ }
1
= g
- eZ&
VX
Example 4
da 5 _ —ax2 d - I d -"a.XZ
Ix {15x% e ) = = 15% = e
- d a _ -ax2 d - 2
= 15 ax x e = (~ax*°)
= 15(3x2)- -ax* (-a =2 x2)
= X e a TX

= 45x2 + 2axe °X

Examgle 5

Given the displacement function

s(t) = 5t2 + 100e T
(a) find the velocity function v(t)
thy £find the acceleration function alt)

{c) sketch the graphs of s{t), v{(t) and a(t)
over the interval 0<t<10

221,204



Solution

(a)y v(t) = s'(t)

h

= (5t% + 100e”"")

= 10t + 100e” ™% 3% (-0.4t)

= 10t - 40e" ™%
dv
(b) a(t) = Ix
. d ., _ d -0t

10 - 40e”*** £ (-0.4¢)

i

= 10 + 16"
£ o 1} 2 3 4 6 8 10
s || 100 72 | 65 75 ] 100 .| 189 | 324 | 502
v || ~40 | -17 | 2 18 32 | 56. ] 78 | 99
al 26 {20.7 |17.2{ 14.8| 13.2] 11.5| 10.7 | 10.3

The following are sample calculations of those
used to produce the above table of values:

-ox(10)

s(10) 5(10)% + 100e

i

- 500 + 100e
= 500 + 100 (0.018)

= 501.8




221.20-4

-0 (10}
e

v(10) 10(10) - 40

I

= 100 - 40 (0.018)

il
o]

9.3

s
———

~0,4{10)

a(lo) 10 + lé6e

16 (0.018)

10 +
= 10,3

It was stated in lesson 221.20-3 that velocity is the
slope of the s-t curve, and that acceleration is the slope
of the v-t curve. Are these statements consistent with the
curves of Figure 27?

Note that the slope of the s-t curve is negative at
t = 0, rises to zero at the curve minimum (t = 1.9), and
then increases positively to t = 10. Note that this is
precisely the behaviour of the v-t curve.

Note that the v-t curve rises most sharply at t = 0,
and gradually settles to a slower, almost linear rate of
rise. Accordingly one would expect a positive acceleration
in the entire interval 0<t<10, and one that would fall from
its initial value towards a constant value. This is precisely
the behaviour of the a-t curve.



s(t)

v(t)
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200
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- 40e"m“t
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Application to Mucleaxr Decay

The number of radiocactive atoms remaining in a radio-
active source decays exponentially with time, according to

. the relation.

N(t) = Noe"‘t

number of radicactive atoms remaining after
t seconds,

where N(t)

Ny = number of radicactive atoms at time t = 0, and
. , . . -1
A 1s the decay constant of the radionuclide in s
To find the R/C N wrt t, ie, the number of nuclei

decaying per second, differentiate the above relation
wrt time:

_ d _-it (N, a constant)
= No g e
-At d

= No e A EE (“At)
_ -xt, ., 4
- NO e ( A E‘E t)
= -}LNgeﬁlt

. aN  _

- - a’E’ - AN

Note that %% stands for the rate of increase in N.
Hence %% is negative (see minus signh on RHS), since N is

actually decreasing.



The number of nuclei decaying per unit time is called the
activity Of a source.

' Example 6

How many radioactive nuclei are required to make a
5 mCi source of a nuclide whose deca¥0constant equals

7.3 x 107°% s”!'» (1 curie = 3.7 x 10

Solution
anN _
dt
= =)IN =
N =

i

ie, there

dps)

=5 mCi

3

-5 x 10 ° x 3.7 x 101°

5 x 10°° x 3.7 x 101°?

7.3 x 10°°

2.5 x 10!2

are 2.5 x 10'2 atoms in a 5 mCi Source.

If source activity is designated "A",

then A{t) = =~ %% (rate of decrease in N}
= AN
- amge )t (.. W= nNee

then A{0) = ANye®
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Let A = A(0)
Then Ao = )\.Nu
and A(t) = Age~Mt

ie, the activity A(t) obeys the same exponential
relationship as N{t}.

Exaggle 7

Find the time requifed for the activity of a

source of decay constant 3.5 x 10~ 8™’ to decay
by a factor of 1000,
Solution
Let required time be t,.
Then Alty) = Bpe ®
. Alty) _ _=At,
e R
_ _ . Alty) _ 1
e 1 = 9001 . Ay 1000 )
Taking natural log of both sides,
tn et = 40 0.001
-3
. -Aty = Zn 10 (cf lesson 321.10-4)
-3
e £y = in 10
- A
= _Gagl
~3.5 x 10~

2.0 x 10" seconds or 5.5 hours




Example 8
Prove: t = 0.893 where t;/ is the half-life
S S Ly

of a radionuclide, ie, the time required for source
activity to decay to one-half its original activity.

Solution
Alty,) = Age Mt
A(ty;)
R vel
- - - - A
O elt]/z=0.5 (- (t]/2)=05)
9 .
o ey < nools
- _ltbé = ~0.693
. _ 0.693
. . tl/é = T

III Application to Reactor Power Growth

Reactor power grows exponentially in time, approximately
according to the relation,

ik

P(t) = Pge
where P(t) is reactor power at time t,
Py, is reactor power at t = 0,
Ak is the reactivity in units of "k",

L is the mean neutron lifetime in the reactor.

For example, if Py = 100 W, and é% = 0.05, the graph of
P(t) vs t is shown in Figure 3.

- 10 -
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Reactor Power (kW)

0 20 40 60 80

Time (Seconds)

Figure 3

DEFINITION: The reactor period "T" is the time required
for the power to increase by a factor of e.

Proof that Reactor Period = Z%

P{(T) = ePy by definition of T

le, efy = Poe
A e
.. th e = 4n e
ie, 1 = é% T
o-- T=EIE.I

- 11 -
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.'. an alternative form of the power growth equation is

P(t) = Ppe

/T

from which it is obvious that each time t increases by T,
P increases by a factor of e, consistent with previous

definition of T.
Not dnly does the

time, but so also does
below:

ap

power P(t) grow exponentially with
the rate of growth, P!(t), as shown

. ap _ Ak

—-—LP(t) =

—

7 P(t)

Note that power growth rate P!'(t) is directly propor-
tional to product of reactivity Ak and power P(t). Therefore,
given sufficiently high values of Ak and P, P! may be so high
that rated power is exceeded before the regulation system can

arrest power growth.
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Thus, for reactor protectiocon, a signal is required to
detect dangerously high reactivity valves at low power.
Such a signal is one whose output varies as the rate of
change of the logarithm of reactor power. This signal is
known as "“rate log power":

a% (2n P(t)) E% fn Poe

]

_ bk

L
.. rate log power, el {(fn P(L)) = sk _ 1
dt L T

Note that rate log power is proportional to reactivity
Ak, independent of reactor power. Hence the reactor can he
tripped by this signal at low power, eg, 0.001% full power,
long before the linear rate power, P!(t) gets out of hand.

- 13 -
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ASSIGNMENT

Differentiate:

2
(a) eX - (b) -e ¥

e ~1/Vx
(c) -e ¥ ! (d) 2e

2 _ -1/x?

(e) 5o’ (£7-1) (£) % oM/
Find (i) v(t) (ii) a(t) (iii) v(2) if
(a) s(t) = e¥ - ¢3
(b) s(t) = e + 2¢

Plot s - t, v - t, a = t curves for the displacement function
of 2(a) above over the time interval 0 < t < 3. Do the slopes
of the s - t and v - t curves appear to verify the definitions,
v(t) = sl(t) and a{t) = v!(t), respectively?

If 2.0 x 10!'? radicactive nuclei constitute a 5.0 mCi source,
what is the decay constant of the radionuclide? (1 curie =
3.7 x 10'°* Qaps)

{a) What is the activity of a source consisting of 7.0 x 10%°

ra?ioactive nuclei, and having decay constant 2.4 x 10-*
g- 7

(b) How many radicactive nuclei remain after (i) 20 minutes?
(ii) 6 half-lives?

(c) Calculate the scurce activity after (i) 20 minutes
{ii) & half-lives.

(d) Calculate the half-life of the source.

(e) How long does the source take to decay to 10 mCi?

If N(t) = Noeqkt and A = - %% ; prove that (a) A = AN

(b) A(t) = A,e



7. Prove that tbé =

8. If P(t) = Pye

{a}

{b}

9. Plot a graph of N(t) v8 t over the interval 0 < t < 18
hours if N(t) = Nye =

{a)

10. (a)

(b)

221.20-4

fn 2
T .

t/T

; Prove that

PI(t) = & P(t)

a% In P(t) = %

At 5

, where Ny, = 102° and A = 6.4 x 10 " s

on linear paper (b) on log-linear paper.

Make a table of values of reactor power P(t) and linear
rate, P'(t) with 20-second increments in t over the
interval 0 < t < 5 minutes, Assume Py, = 100 W and
é%-= 0.05. Express P and P! in units of % full power,

assuming full power equals 100 MW,

Show consecutive positions of indicating needles on the
following meters, at 20-second intervals.

$ Full Power
{linear scale)

100

=1

15



1072

% Full Powerxr
(log scale)

107°

(¢) Describe the needle's motion across each of the above
scales, and relate descripticons to the mathematical
-expressions for linear rate and rate log power.

{d) Which meter is more suitable for monitoring power at
low power levels? At high power levels?

(e) Which of the following signals is more appropriate for
reactor power control

(1) at low power levels?
(ii) at high power levels?
a signal whose ocutput is proportional to reactor power

P, or cne whose output is proporticonal to the logarithm
of reactor power, log P?

1l. Explain the advantage of a rate log signal for reactor
protection.

12. Show that E% (log P(t)}) = é% log e, where log P is the

common logarithm of P.

L.C, Haacke

- 16 -
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Mathematics -~ Course 221

THE DERIVATIVE IN SCIENCE AND TECHNOLOGY

I Some Common Differential Egquations

Calculus is to moedern science and technology as arith-
metic is to accounting. Arithmetic provides the notation-
and technigques for computing credits, debits and balance on
hand; calculus provides the notation and techniques for
computing the ‘instantaneous' or true rate of change of one
physical variable with respect to another, given the math-
ematical relationship between the two variables. Without
calculus, only average rates of change can be calculated,
in general. (Calculus provides also the notation and tech-
nigques for solving the inverse problem of finding a function,
given its rate of change, as will be seen in the next two
lessons.)

Differential caleulus has been applied previously in
this text to the fellowing topics: velocity, acceleration,
nuclear decay, and reactor power growth. To illustrate the
general applicability of calculus, a few of the most common
differential equatione from the fields of mechanics, electri-
city, nuclear theory, heat and thermodynamics, and magnetism
are listed in Table 1. (A differential equation is simply an
eguation involving at least one derivative.) Trainees will
have seen many of these rate-of-change statements in non
calculus form in previous courses.

Note that "t" represents time throughout Table 1.

April 1980



TABLE 1

Some Common Differential Egquations of Science

Differential Equation

Definition of Variables

F =m %% F is force
m i5 mass
{Newton's Second Law) v is velocity
o = 38 w 1s angular velocity
dt 6 is angular displacement
o = Sw ¢ is angular acceleration
dt w is angular velocity
T = Ig% = Io T 18 torque
I is moment of inertia
w, @ as above
dE
F = - i
HYE F is force

E., is potential energy in a central

P

force field as a function of r,

the distance from the center of
force (eg, gravity, Coulomb
electric forces)

P = %% P is power
W is energy converted or work done
i=9% i is electric current
dt g is charge
i c Ve i, is capacitor current flow
c It : . .
t C is capacitance of capacitor

Ve 18 capacitor voltage
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Differential Equation

—

Definition of Variables

vy, = L dir, Vi, is inductor voltage
de L~ is inductance
iy, is inductor current
an AN ¥ is number of radicvactive nuclei
dt remaining at time t
A 1is the decay constant
da _ Y A 1is radiocactive source activity
dt A as above
aN _ . Attenuation of nuclear radiation:
ax N 1is number nuclear projectiles
{nevkrons, v's, B's, etc)
having penetrated to depth x
I is macroscopic cross section of
attenuating material
dp _ Ak p P 1is reactor power
dt L Ak is reactivity
d Ak L 1is mean neutron lifetime
= in P = —
dt L
C = 1l 4dg C is specific heat capacity of a
T m dT substance
m is mass of substance
Q is quantity of heat stored in
substance (in joules)
T is temperature of substance {°A)
dQ = CAT gg AT is temperature difference
dt dt (assumed constant in this

equation)
Q, m, C as above
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Differential Equation Definition of Variables
_ dar H is the heat flow rate through a
H - "‘kA a’i 3

medium ( 5 )

is the thermal conductivity of the
medium

is the cross sectional area of the
medium

is the temperature (°A)

is the penetration depth into the
conducting medium

®*3 w» F

dVv _ nR

av is pressure
dT P

is temperature (°A)
is number of moles
is gas constant

mH a2

(Ideal Gas Law)

ad

ad is the voltage across a coil
dt

is nunber turns in the coil
is the magnetic flux through
the coil

V = =N

A

(Faraday's Law)
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Some Instruments Which Differentiate

1)

2)

3)

A vibrometer gives the rms velocity of a vibration. This
is the average value of the square root of the square of
the derivative of the displacement of the pick-up attached
to a vibrating object. A second output from the vibrometer
gives the acceleration (derivative of the derivative of

the displacement) of the vibration.

A magnetic phono cartridge delivers a voltage whose amp-
litude is proportiocanl to the time derivative of the
displacement of the stylus,

An accelerometer is a transducer that provides an output
voltage proportional to the acceleration of some object.
This voltage is produced across a piezoelectric crystal.

An operational amplifier in the differentiating mode
produces an output voltage proportional to the derivative
of its input (see Figure 1).

Figure 1



C441.20=5

IiT

Derivative Control Mode

Negative feedback is used to control process parameters
such as pressure, flow, temperature, reactor power, etc.,
to set point, The difference between the set point and
actual measured value is called the error. For example,
suppose the fluid level in the tank of Figure 2 is to be
controlled at the set point. The flow demand from the
bottom of the tank is variable, and the level is maintained
at the set point by manipulating the inflow rate via the
inlet control valve. The level measurement is supplied to

- the controller by the level transmitter (LT). The con-

troller establishes the difference between this measured
value and the set point, ie, the error, and sends a control
signal to the control valve actuator. This control signal
always manipulates the inflow to the tank in such a way as
to reduce the error, ie, if the level is below set point,
the controller opens the inlet valve, and vice versa.

If the control signal (CS) is directly proportional
to the error, e, control is said to be proportional, ie,

(CS)P = kpe (+ b), where kp is a constant

and b is the constant equilibrium
bias
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Control j*\

Signal

Set
Point

Measured - -
Value

i
Demand

Figure 2 Tank Level Control Loop
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The disadvantages of proportional control are:

(1) The controller cannot begin to take corrective action until
after an error is established. Because of time lag in the
control loop, this often leads to considerable ‘overshoot'
in corrective action {(see Figure 4), with process instab-
ility while the controller 'hunts' for the correct contrel
signal to match inlet and outlet flows,

(2) No control signal (other than equilibrium bias) is possible
without an error. For example, if demand increases, the
. level must fall sufficiently below set point that the control
gignal, (CS)p, can match inflow and outflow. The amount by
which the level must remain below set point in order to
keep the flows matched (see Figure 4) is called the offset.

The first of the above disadvantages can be counteracted
with the use of the derivative control mode; the second disad-
vantage is overcome with the use 0f the reset control mode (see
221.30-2, section VIII}. A derivative controller's output is
proportional to the rate at which the level is straying from
set point, ie, to rate of change of the error:

de
(CS)D = kD it

Graphically speaking, the derivative mode control signal is
proportional to the slope of the tangent to the error~time curve.
In practice, derivative mode control is usually used in con-
junection with proportional mode, so that the control signal is
made up of propertiocnal and derivative components:

(C8)pp = kpe + k de (4 1y

P D dt

The rate signal, g%, can be obtained by passing the error

signal e{t) through a differentiating amplifier.
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The proportional and derivative components and the total
output signal from a proportional-derivative controller are
shown in Figure 3 for two hypothetical examples of level fluc-
tuations in the tank of Figure 2. (NB: assume that demand
varies such that the level fluctuates as shown in spite of
feedback). 1In Figure 3(a), the tank level drops linearly from
set point to a lower value, and in Figure 3(b), the level makes
a temporary excursion below set point. Note that a few repre-
sentative tangents have been drawn on the error curve of
Figure 3(b), and that the derivative component of the control
signal correlates with the value of the tangent slope at every
instant in both Figures 3(a) and 3(b).

Note that in both Figures 3(a) and 3(b), as soon as the
level starts to drop, the controller immediately puts out a
signal via the derivative mode component to open the inlet
valve. The amplitude of this signal is proportional to the
rate at which the level is dropping. This is in contrast to
the proportional mode component, which becomes significant only
after the error grows significantly. Thus derivative control
builds an 'anticipatory' feature into the control loop. In
fact, an output proportional to the present rate of error growth
is actually the same output that would be produced by the prop-
ortional mode at some later time (how much later depends on the
constant, kp), assuming that the error were to continue to grow
at the same rate in the meantime. Graphically speaking, the
derivative mode controller extrapolates a certain number of
seconds along the tangent to the error-time curve.
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Tank
Level
t
f error
Constant de 0
dt
(a) l ‘
Controi
Signal | |
| ]
| Proportional Component
| ! ‘
Derivative Component
Proportional and Derivative
Tank
Level
(b) t
¢
Contro
Sit_:jnallA

I
l
l y{‘i'Derivative Component
l
!

ﬂ

-

-

-

<. t

Proportional

Proportional and Derivative

Figure 3 Proportional and Derivative Contrecl Signals
for Hypothetical Tank Level Fluctuations

- 10 -
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Figure 4 shows typical flucturations in level following a
step increase in demand

{a) without any feedback control -~ the level drops at a
constant rate

(b} with proportional control - the level drops to offset
value, overshoots, oscillates, and eventually settles
out at offset wvalue

(¢) with proportional plus derivative control - the level
stabilizes to the same offset value more rapidly,
with reduced overshoot,

To summarize, the advantage of derivative mode control is
that corrective action is initiated before a large error is
established, and faster stabilization i1s achieved with smaller
deviation from set point following process transients. Arguments
analogous to the preceeding discussion of tank level control
indicate similar advantages to using derivative control mode in
controlling reactor power, boiler level, moderator temperature,
etc., in CANDU plants.

- 11 -



- 12 -

221.20-5

(a)

{©b)

{c)

Demand 1
Level 4 |
|
I
!
| o Control
|
I
Level A ]

Level A

Proportional only Control

Figure 4

Proportional and Derivative Control

Tank Level Fluctuations Following a
Step Demand Increase
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ASSIGNMENT

Write a verbal rate-of-change statement corresponding to
each differential equation in Tahle 1 of this lesson.

Practice writing the differential equations corresponding
to the rate~of-change statements given in section 221.40-4
in answer to question #l1 above.

A solenoid moves a plunger s meters in t seconds according
to the relation

s(t) = 2t? + 0.02t

If the plunger mass is 0.05 kg, calculate the force exerted
on the plunger at t = 0.0ls.

{(a) Write the differential equation corresponding to the
following rate-of-change statement: "The voltage V:
induced in coil #2 equals the product of the mutual
inductance M between coils #l1 and #2 times the rate
of decrease of the current i through coil #1".

{b) If M = 2 henries and I; = 3t% - t? ahperes, calculate

(1) Va2 (t), (1i) V2(2).

- 13
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5. The following diagram depicts a hypothetical variation in the

tank level of Figure 2. oOn the same time axis, sketch the
following for a proportiocnal-derivative controller:

(a) proportional component of control signal

(b} derivative component of control signal
(c} total output signal.

Tank
Level

Set Point

The following diagram depicts a step decrease in the demand
flow from the tank of Figure 2, On the same time axis,

sketch typical corresponding fluctuations in tank level in
the following cases:

(a) no level control
(b) proportional only level control
{c} proportional-derivative level control

Label the offset in (b) and (c). AaAssume level was at set
point prior to demand change..

Demand

L.C. Haacke
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Mathemdtics - Course 221

THE INTEGRAL

I The Indefinite Integral

If Pl{x) = f(x), then f(x) is the derivative of F(x),
and F(x) is an antiderivative of f(x). The process of
finding £(x) from F(x) is called differentiation, whereas
the process of finding F(x) from f£(x) is called integration.
Thus differentiation and integration are cpposite processes:

differentiation \
F{x) - Fix) = F'{x)
™~ integration

Example 1

%2 is an antiderivative of 2x since

d _» _

a—)—{x»-2x
In fact, any function of the form F(x) = x> + C is an
antiderivative of f£(x) = 2xX since

= (x? + Q) = 2x (2 c=0)

"C" is called an integration constant,

Graphical Significance of Integration Constant

The graphical significance of the integration constant C
is that x®* + C represents a family of curves, each value of C
corresponding to a unique member of the family (see Figure 1),
Note that every member of the family has precisely the same
slope at any particular x-value, say x;.

February 1979
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y = x2 + ¢
C =3
C = 2
CcC =1
C =0
C = ~1
C = =2
X
C = -3
C = -4

Boundary Conditicn

Integration may be regarded as the process of finding a
function (curve) from its derivative (slope). As Figure 1
illustrates, there is always an infinite family of curves
having the given slope.

An integration has a unique solution, however, if a
boundary condition is imposed.

DEFINITION: A boundary condition is the specification of
the value of the integral at a particular
x=-value.

The graphical significance of imposing a boundary
condition is that a point is specified on the solution
curve, and thus a unique curve is selected from the
infinite family as the solution.

Example 2

Find the antiderivative of f(x) = 2x, which has
the value 5 when x = 2,
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Solution
The required antiderivative has the form

F(x) = x? + C (from Example 1)

However, the boundary cendition,

F(2) =5 => (2)2 +4C =5

. Fix) = x% + 1

Note that the boundary condition in Example 2
selects the curve corresponding to C = 1 in Figure 1.

Integral Notation

"The integral of 2x with respect to x equals x? + C"
is written symbolically as follows:

12x dx = x(+C
intearal N \H\~integration constant
oi ng differential
g . antiderivative
e \\\MM_H‘#,,F—ﬁ\/«uh“__ﬂ,,z//
indefinite integral
Where:

~ the integral sign is read "the integral of".
- the integrand is the function being integrated
- the differential "dx" indicates integration wrt x

- the antiderivative and integration constant together
comprise the indefinite integral of 2x wrt X.
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IT

In general, the derivative of F{x) wrt x equals f(x) if

and only if the integral of f{x) equals F(x) + C

ie,
Fi(x) = £(x) 4“_,“) J f{x)dx = P(x) + C J
Example 3
J 4x*dx = x* + ¢ since a% (x* + C} = 4x?
Displacement, Velocity and Acceleration
vit) = s'(t) &) s(t) = [ v(t)dt
a(t) = vi(t) ) vit) = [ alt)dt
Example 4
Find v{t) and s(t) given a{t} = -10, and the
boundary conditions, v{(0) = 0 and s(0) = 100.
Solution
vi{t) = [ a(t)dt
= { =104t
= =10t + C,
But v(0} = Q = -10(Q} + C; = 0
. c;, =0
vi{t) = ~-10t
s{t) = [ wv(t)ae
= [ =10t dt
= =~5t% + Ca
But s(0) = 100 => ~5(0)% + C, = 100

Cz = 140
s(t) = -5t% + 100
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IIT Integration Formulas
The following is a table of integration formulas with
corresponding differentiation formulas studied in lesson
221.20-2.
DIFFERENTIATION PFORMULA CORRESPONDING INTEGRATION FORMULA
d ~ = -
d—x- C =20 f 0dx = C
a n-1 n+l1
-a;c-xn“nx fxndx=§m+c,n#—l
S E® = g(0) = 22 E(x) JUE(x) * glx))dx = [f(x)dx
ax =9 dx =9
+ d ( +
t g 9(x) t fg(x)dx
E‘% ef(X) ef(x) fl(x) fef(X) fl(x)_dx = ef(X) + C

Example 5
20

er dx='Tl+C

Example 6
Srx%dx = wfx%dx
3
X
= “("E + C)

+ C

]
2 E
X

(C, = 7C)
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Example 7
S{x? + vX)dx = Fx%dx + [VX dx
4 %

X x

3
= %x“ + %xfé + C (C = Cy + Ca)
Example 8
2 _ 2
AL gy = s - Y ax
VX VX VYx
-1
= J'(x/2 - X /i)dx

5 1
e Vs

—m‘fcl“(%ﬁ'}'cz)

¥ -
X 4+ 2¥x 4+ C {C=¢C, - C3z)

I
LS

Note that the integrand in this example was expressed
in terms of functions of the form x® prior to integration,
since no method of integrating a gquotient of two functions
has been giwven. :

Examgle 9
2

2
f2xe® ax = ¥ 4+ ¢

Note that this integral is of the form Sfef(X)f!(x)dx
where f(x) = x? and f!(x) = 2x.

Example 10

t

If v(t) = 10e - + t, find s(t) assuming s(0) = 0,



v
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Solutiaon

s(t) = Sv(t)dt
= f(10e™t + t)dt
= r10e”tat + sedt
= -10 fe ¥(-1yat + Seat

2
But s(0) = 0 => - 10e° + %_ +C=20

ie, =10 + C =0

ie, C =10

L. s{t) = -10e = + = + 10

Note that "~10" rather than 10 was factored out
of the first integrand in line 4 of this solution so
as to leave a factor of (-1l) in the integrand, which
is of the form ef(t)fl(t) where f{t) = e-t and f'(t)
= -1.

Area Under a Curve

Let A(x,) represent the area under the curve y = £(x)
from x = a to x = x;. Then A(x, + Ax) represents the area
from x = a to x = x1 + Ax, and A(x; + AX) - A(x.} represents
the area under the curve between x; and x;, + Ax, as labelled
in Figure 2.
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Y ' y = f(x)

A(Xl' + ﬁX) - A(X]_J

P x
a X, Z x, + Ax
k— Ax —4
Figure 2

Obviously, for some value of x, say X = 2, X1 £ 2 £ x, + Ax,
the area of the rectangle Ax units wide by f(z) units high exactly
equals the area A(x; + Ax} - A(x,;} under the curve,

ie, Alx, + Ax) - A(x,) = f(z2)Ax
. Afx, + Ax) - A(xy) _{
- - &X - f(z)
" lim Alxy * iX) - Alxy) o lim f£(z)
Ax+0 % Ax~>0

The LHS of this equation is the derivative, Al(x:), by
definition (see lesson 221.20-2).

Furthermore as Ax»0, z+x) (see Figure 2).

.. Al(xq1) = £(x;)

Finally, since the value of x, is arbitrary, it can be
replaced by the variable x.
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Thus Al(x) = f(x)

ie, the derivative of the area function egquals the
curve function.

.. A(x) = ff(x)dx = F(x) + C

Example 11

FPind the area under the curve y = 5 from x = 0 to
{(a) x=x;, b)Y x =1 (c) x = 10.

Solution
{(a) A(x) = /f(x)dx
= [5dx
= 5x + ¢
But A{Q) = 0 => 5(0) + €C = 0 \r 5 10
cC=20 Figure 3
A(xy) = 5xy
(b) A{lY = 5(L) =35
(¢) A(l0) = 5(10) = 50

Note, with reference to Figure 3, that the above
areas are rectangular, and that the same answers are
obtained by using “"area = length x width".

Example 12

Find the area under the curve y = 2x from x = ¢
to {(a) x=x; (b) x =1 (¢) x = 10.



= 10 -

221.30-1

Solution
Y
A(x) = ff(x)dx y =
= f2xdx 207 (10,20)
= x% +C
- 107
But A{0) = 0 = 02 + C =10
‘.l c = O
A(x) = x? X
(a) .7. Alxy) = x3 Figure 4
(b) A(l) =12 =1
(c) A(L0) = 10% = 100
Note, with reference to Figure 4, that the above
areas are triangular, and that the same answers are
obtained using "area = % base times height".
Example 13
Find the area under the curve y = x* from x = 0
to (a) x =5 (b) x = 10.
Solution b4 y = x?
A(x) = /x*ax 1901 wo,100)
3
03
But A(0) = 0 => >— +C =0
C=20
3
LA = 3

Figure.S

2x
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(a) A(s5) = 222
(b) a(10) = =290

|

The Definite Integral

The procedure for calculating areasg illustrated in
examples 11 to 13 above can be 'streamlined' considerably
by using the definite integral notation, which effectively
'builds in' the boundary condition.

Recall that the area under the curve y = f(x) from
X = aup to x = x is given by

A(x) = ff(x)dx = F(x} + C
But A(a) = 0 => F(a} + C =10
C = =-F(a)
A{x) =

F(x) - F{a)

the area under the curve between x = a and x = b,

A(b}) = F(b) - F{a)

b
The definite integral notation é f{x)dx is used to
represent F(b}) -~ F(a).

ie, b
A(b) = f f(x)dx = F(b) - F(a)
a

In this notation "a" and "b" are called the lower limit
and upper limit, respectively, of the integration.

Examples 11 and 13 will now be redone using definite
integrals:

Example 14

Find the area under the curve vy = 5 bhetween x = 0
and (a) x = x; (b) x =1 (¢} 2 = 10.

- 11 =~
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Solution

(a} Al{x,) = 6 5dx

W
[ ¥7]
X
z
)
L
=

The notation F{x)] is used above to indicate the
a

explicit form of the antiderivative, which is to be
evaluated between the limits a and b.

1

{b) A(L1) 6 5dx

i

= 5x|

= 5(1) - 5(0)

i

32

10
I sax
0

{(c} A(L0)

10

= SXIO

= 5(10) - 5(0)

= 50

- 12 -
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to (a

Solution

(a)

(b}

221.30-1

Find the area under the curve y = x* from x = 0

) x =

A(S)

A(l1l0)

5

(b} x = 10.

O
]

r

[N
s
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ASSIGNMENT

Differentiation and integration are opposite processes, yet
the derivative is unigue whereas the integral is not, in
general. Explain why this is so.

Why is a boundary condition necessgary to obtain a unigque
solution to an integral? Explain with reference to graphical
significance of boundary condition.

Evaluate the following indefinite integrals:

(a) J-3xdx (by Jfle  + t¥)dt
e&
(¢) [f{(2x% + 3% ~ 5)dx (d) S =— dx
vx
-2 3
(e) [(4x® - xX)ax (f) S (2te + t )4t

Find displacement and velocity functions s{t) and v(t),
respectively, given acceleration function a(t) and boundary
conditions as follows:

(a) a(t) = 0, v(o) = 0, s(0) =0
(b) a(t) = 2, v{0) = 10,  s(0) = 14
(e} af{t) = 2t, v{0} = Vy, s(0) = 0

(@) a(t) =e %,  wv(oy = 10, s{0) = -10

Find the function which gives the vertical displacement of
a projectile relative to ground level, neglecting air
resistance. The acceleration due to gravity is 9.8 m/s?
downwards. Assume the projectile is given initial velocity
Ve m/s vertically upwards from ground level.
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6. Find the area under the curve y = f(x) between a and b
where
(a) £f{(x) = 2%, a =1, b = 10
(b) f£(x) = /%, a =4, b = 16
() £(x) =x2 + 4, a= -2, b =5
(d) f(x) = xe , a=0>0, b =2

7. Evaluate the following definite integrals:

(a) {9 /% (x - 1)dx

0
(b) [ (-5% + 3)dx

2 £
(€ 7 (10 + t - eMrat

L.C. Haacke
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Mathematics - Course 221

APPLICATION OF THE INTEGRAL AS AN INFINITE SUM

I Area Under a_Curve

Suppose the x-interval from x = a to X = b is partitioned
into n subintervals of width

Then the area under the curve y = f(x) between x = a and x = b
is approximately the same as the area of the n inscribed rect-
angles corresponding to these n subintervals, as shown in

Figure 1.
¥
y = f(x)
n
i -
2 32 K
~ ! £(x3)
P Y + | &
A %4 a -ﬁ b X
Ax e
Figure 1

In Figure 1, if xi is the x-value at the left boundary
of the i th rectangle, then f(xj) is the height of the i th
rectangle, and the total area A, of the n rectangles is

Ar = Fx1)Ax + £(x)Ax + £(xs)dx + ... + £(x,)Ax

April 1980
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This sum can be abbreviated using sigma notation as
follows:

n
A. = I Ffx:)Ax
S5

The RHS of this equation is read "the sum of f(x;)Ax as
i takes all (integral) values from 1 to n inclusive".

As can be seen from Figure 2, which shows the interval
of Figure 1 partitioned into n = 4, 8, 16 subintervals, the
larger the number n of rectangles, the closer A, is to the
true area A under the curve., In fact,

A = 1lim A,
oo
n
ie, A= 1lim I f(xi)Ax
n+o i=l

But, from lesson 221.30-1,

A= fb f{x)dx

a
b . o b - a
.. S f{x)dx = 1lim T f(xj)Ax, Ax =
a n—+o i=:l

ie, the definite integral can be regarded as the sum of an
infinite number of infinitely narrow rectangles. Note that
as 1 ranges from 1 to n in the sum, x ranges from a to b in
the integral. In fact, the integral sign was originally
introduced as a stretched "8" standing for "sum".

This notion of the definite integral as an infinite
sum of vanishingly small increments is extremely useful in
a wide range of applications, a few of which will be dis-
cussed in this lesson. The above result is often referred
to as The Fundamental Theorem.
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/y = £{x)

{a) n = 4
S
A )
\.L/ b
/Y = f£{x)
(b)) n = 8
N
v - x
/y = £(x)
Zd
fﬁ
(¢} n = 16
H
P _ %
1/ b

Figure 2
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Examgle 1

Find the area enclosed between the curves of vy = x
and x = yZ.

Solution

A large, clear diagram showing a representative
rectangular slice of the required area is mandatory in
the solution to such problems.

Figqure 3

Clearly, from Figur=z 3, the Limits of integracion
will he the x-values where the Two Curves intersect.
These wvalues are found by solving the =wo eguations

x = y% and y; = »?:
v1 = y2 =» x?% = /X
ie, x" = x
i, w0
ie, xf{x - 1; =

LY. the curves intersaeor bt o6, o oand i}, ij.
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The required area, & = lim I(y: - Yil48X

n-oe
a 1 -0
= lim I (¥%; - xi%)Ax, Ax =
neew i=1
l .
= [ (/X - x?)dx (by Fundamental
x=0 ‘Theorem)
1
_ 2, %
= ..E.x 3
0
R

% square units

To illustrate the versatility of this technique
the same area will be calculated again, this time
using horizontal slices as shown in Figure 4:

1}

Figure 4
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A = gum of horizontal slices

= lim E(XZ- Xl)ﬁy

by ot
2 1-0
= lim @ (JYy; - vi®)dy, by =
n>e i=]1
1 2
= [ (y-y') dy
y=0
1
12 ¥y
5 -¥ ],
_ 2 _1
-3 3
= % square units as before.
Example 2
Find the area bounded by the parabola y = x?> - Bx + 7,

the x-axis, and the lines x = 2 and x = 6.

Solution
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n
A= 1im I (0 - yi)&x (see Pigure 5)

A 6 - 2
= lim I (-x3® + 8x; - 7)Ax, A&x =
n—+e i=1

6
= f2 {(-x? + 8x - 7)dx (by Fundamental Theorem)

x3 °
= ["' '3" + 4}(2 - 7x }

2

6° 2 2 2
= [- 2+ 4(6)? - 7(6)J - [— £+ a2 - 7(2)]
= - |- 2
= 30 [ 3 }

It
L
L=

Wi
w0
w2
o
2
R
o
ol
fa’
-
+
e

II Calculating Averages

Recall that calculating an average involves dividing a
sum of parts by the number of parts (¢f lesson 321.30-1).

Example 3

Find the average of the following lengths: 2.10 m,
95 cm, 123 cm, 4.20 m.

Solution
2.10 + 0.95 + 1.23 + 4.20
4

Average length =

2.12 m

It is often necessary to calculate a weighted
average, as in Example 4,



Example 4

During a two-year period, the annual inflation rate
averaged 8.4% during the first year. During the second
year, the rate averaged 9.2% over the first quarter, 9.8%
over the second quarter, and 10.2% over the second half.
Calculate the mean rate over the two-year period.

Solution

The variation of the inflation rate R is shown in
Figure 6.

R{%) 15t
10¢ __r_;—J”“—“ﬂ
] ! '
| i : :
5¢ Co
Vo !
S i
0 e e A e e o i o t{years)
1 2
Figure 6
Average o " : a P, . n En .
Inflation = 1.00 x 8.4 + 0.25 %x 9.2 + 0.25 %x 9.8 + 0.50 x 10.2
Rate R 2,00
= 9.1%

by remrr—

Note that the above calculation is equivalent to dividing
the area under the graph of Figure 6 by the total time
interval:

area under R - t graph

R = total t-interwval

This latter approach is useful in calculating
averages of continuvously varying quantities.
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Examgle 5

The radiation dose rate from a certain radioactive
source decays exponentially with time according to the
formula,

D(t) = Dye v

where, D,
by

500 mrem/h is the dose rate at t = 0, and

7.6 x 107? s”! is the decay constant of the
source activity. ’

]

Find (a) the average dose rate during the first 5 hours.

(b) the total dose received during the first 5 hours.

Solution

t (hours) 0 1 2 3 | 5

D(t}) (mrem/h)} 300 igo 289 220 167 127

D(t) J At
{mrem/h) J ->{ r-<-
4007 . -
D(t) = 500 e 0274t
200T
D
-l}- .
0 L S ' p— t{h)
2 4
Figure 7
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total dose received
total time

il

(a) Average dose rate

n
lim Z DiAt
n+= i=1

5

n .
= % lim £ 500e *Eiag

n+we i=1
1 egna=?
= - EY S 500e ?—l)dt {(by Funda~
t=0 mental
Theorem)
5
_ 100 -t
_..._-:.x.e

. oo -0.274 x 5 o
= == - e°)

—-A

il

100 -1.37
‘0__‘71'.2 (l - & )

= 2.7 x 10° mrem/h

(b) Total dose = average dose rate x 5
= 272 x 5

1.4 x 10% mrem

It

Example 6

The number N({t} of radicactive nuclei surviving to
time t seconds is given by the formula

N(t) = Noe P,
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Where N, is the number of radicactive nuclei at ¢t = 0
and A is the decay constant.

Find the mean lifetime of a nucleus.

Solution
N{t)
Ny
N = Noe—lt
0 t
Figure 8

Average nuclear lifetime = total lifetime of all nuclei

total number of nuclel

n
lim I tjAN
= now i=]

No

Ny
;  taN
={)

13

I
No o

The integration technigques necessary to evaluate
this integral have not been covered in this text.
Nevertheless, the answer is that the mean nuclear
lifetime, T, equals 1/A. Thus an alternative form of
the given equation is

N(t) = N,e~t/T,

- 11 =
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from which it is obvious that each time one mean nuclear
lifetime passes, the number of surviving radiocactive
nuclei drops by a factor of e.

III Work

Recall from elementary mechanics that work W equals the
prodguct of force F times digplacement s:

W = Fs
Example 7
The work done in lifting a 2 kg mass 5 m against
gravity,
W = ng
= mgs (weight Fg = mg)

: 2
= 2x9.8x5 (g=29.8m/s )

= 98 J

=

In Example 7, the force is constant. When the
force is not constant, in general, the work must be
calculated by integration.

Example 8

The force F reguired to stretch a spring varies
as the spring extension x,

ie, F = kx, where k is the spring constant,

Find the amount of energy stored in a spring stretched

0.40 m, assuming k = 2.0 x 10% Nm ‘.

Solution

The extension force F is plotted versus extension
x in Figure 9.

- 12 =
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F(N) 80+
|F = 200x
|
|
40 } |
RN
I
:
0 l % {m)
0.4
> |-
Ax
Figure 9

The amount of work represented by the area of the
th rectange in Figure 9 is

AWy = FjAx (Force F; acts through Ax)

Total work W done in stretching the spring to
0.4 m equals total area under F - s graph from
0 tox= 0.4,

n
lim I AW
n+« i=

n
= lim Z Fibhx
n+« ji=sl
Dl _
= { Fdx (by Fundamental Theorem)
ok
= { kxdx

]_ 0.4
- = 2
=5 kx
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v
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16 J of elastic potential energy is stored in the
stretched spring.

Fluid Pressure

Recall from fluid mechanics that the pressure P exerted
by a fluid of density p kg/m’ at a depth of h meters is given
by the formula.

where g =

P = pgh pascals,

9.8 m/s? is the acceleration due to gravity.

Examgle 9

For the trapezoidal hydraulic dam of Figure 10

(dimensions in meters) find the

(a)
(k)
{c}

Ft-":

total force exerted against the dam face
average pressure exerted against the. dam face

center of pressure (0, y) exerted against dam
face, where

- M
y = =2

Fr ! and

JyPdA is called the moment of forece about the
r-axie, and '

SPAA is the total force against the dam,

ie, the same moment would exist if F; were applied at
(0, ).
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Y
|
=< 100 > (50, 30)
£y L |
hi o 2%, > ._L
- x ﬁy
“AA; Ey
¥Yi 75
Y 0 X
AT
{35, 0)
Figure 10
Solution

Total force Fi against dam equals sum of forces AFji
against rectangular increments,

k!
lim I AF;
nre i=]1

ie' Ft

n
= lim I P;jAAj (AF; = P;An4)
n-+eo i=1

n
= lim T (oghj) (2x;ay) (P; = puhi; ARj = 2x;Ay)
n+eo i=]

n
= lim I pg(30 - y;) 2x;Ay (hi= 30 -~ y;3}

n+e i=1
= f30 pg (30 - y) 2xdy {by Fundamental Theorem)

y=0

In order to evaluate this integral, one must express
X in terms of y. This is done by first finding the
equation of the line representing the right boundary of
the dam in Figure 10, using the two-point form:
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(b}

- 16 -

LYy - Y2 2 Y1 yhere (x,, Vi) = (35, 0)
X - X, X2 = X
and (x,, ¥2) = (50, 30)
ie, -0 _30 -0
X - 50 - 35

ie, 30(x ~ 35) = 15y
ie, X = % + 35
Substituting for x in the above integral, one gets

30
I pg(30 - y) 2(% + 35)dy

Fy

30
oq{ (30 -~ y) (v + 70)dy

30
pg{ {2100 - 40y - y*)dy

30
3
pg[ZlOOy - 20y? - %- }
i}

3
10° x 9.8 [2100 x 30 - 20(30)2 - 3%-

3.5 x 10° N

total force on dam

Average pressure on dam P = Total 3Yea oF dam

3.53 x 108 N
%(100 + 70)30 m?

i

= 1.4 x 10° pa

= 0.14 MPa



{c)

. Note: (1)

(2)
_ Mx
Y = ﬁ; ,
where Fe
Mx
C v
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Dam area was calculated using formula for area
of a trapezoid,

A= %(sl + s2)h, where s:1, s2 are the lengths

of the parallel sides, and h is the perpendi-
cular distance between them.

For comparison with above result for P the
pressure at half-depth (15 m) is

pgh = 10® x 9.8 x 15
0.15 MPa

P is slightly less than this because the dam
widens towards the top, ie lower pressures are
exerted on the wider slices. If the dam had
vertical boundaries, P would equal the pressure
at half depth.

= 3.53 x 10° Pa from (a), and
30
= f yPdA
y=0

= {3°ypgh 2xdy

30
= 09/ y(30 - y)(y + 70)dy

ig
= g/ (2100y - 40y* - y)dy

40 .
= pg[1050y? - 40ys - ¥ |
0
4
= 10° x 9.8{1050(30)2 - i%(so)a - 2%_ ]

= 3,75 x 10? Nm

= 3.75 x 10° Nm
3.53 x 108 Nm~2

= 1l m

=]

centre of pressure against dam is at (0, 11)
relative to axes of Figure 10.

17
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Qther Applications of the Fundamental Theorem

Applications of the Fundamental Theorem are numercus in
science and technology. A few more examples are listed below,
but it is beyond the scope of this course to treat them in
detail.

(1) Finding the volume of 3-dimensional entities by parti-
tioning the volume into increments such as cubes, slices,
or shells.

{2) Finding the center of mass of 3-dimensional entities of
either homogeneous or variable densities.

{3) Finding the average neutron flux in reactor cores of
various geometries.

(4) Finding moments of inertia of plane or 3-dimensional
entities about an axis of rotation

{5} Finding surface area of 3-dimensional figures.

Familiar Instruments Which Integrate

By considering the integrating functions of certain
familiar instruments, the trainee will conscolidate his con-
cept of integration, and better his chances of understanding
the same function performed by other (perhaps less familiar)
instruments.

(1) The watt-hour meter integrates the power P flowing to
the consumer with respect to time, thus obtaining a

record of electrical energy consumed, ie, it iz effectively

finding the area under the P-t curve (see Figure 11).

P (watts)

Electrical Energy
(watt - hours)

NN,

t {hours)

Figure 11



{2} A natural
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gas meter integrates the volumetric flow rate

to the consumer, thus recording total volume consumed
(see Figure 12}.

Gas Flow Rate
{r® /min)

(3) The meter

area = volume gas consumed (m?)

/1

t (minutes)

Figure 12

on & service station gasoline pump integrates

flow rate
tank, and
gives the

Gasaline Flow

Rate
(2/min)

of gasoline flowing into the consumer's gas
records the total volume purchased, ie, it
area under the curve of Figure 13.

)T

VT

Figure 13

t {min}

- 19 -
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(4)

Whereas the speedometer on a car gives the rate of
change of distance with time, the odometer integrates
this rate to give the total distance, ie, it gives the
area under the speed~time curve (see Figure 14),

Speed
(km/h)

Distance (km)

[ [ [/

Figure 14

t(h)

(5) A radiation dosimeter integrates the dose rate to
record the total dose received, ie, it gives the
area under the dose-rate-time graph (see Figure 15).

Dose Rate
(mrem/h)

Dose {(mrem)

[///

Figure 15

t (h)
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{6) An operational amplifier in the integral mode yiglds an
output which 1s proportional to the integral of its
input (see Figure 16).

d—:: ]

Input

e Qutput

Figure 16

Integration in Science and Technology

Just as differential calculus provides the notation for
writing and technigques for deriving the rate of change of one
physical guantity with resgpect to another, given the one as
a function of the other, sc integral calculus provides the
notation for writing and techniques for deriving a function
from its rate of change. Every differential equation listed
in Lesson 221.20-5 can be rewritten as an integral,

eq, v = g% => 5 = fvdt ,

dp _ Ak B _ LAk

aE =g P — P =/ Pdt,
dV _ nR _ _ +nR

IT "B = V = f—§ aT, etc.

21
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Reset {Integral) Control Mode

Recall (lesson 20-5) that the control signal, (CS)p,
from a proportional controller is proportional to the
error, e (difference between measured value and set point
of controlled parameter) :

(CS)P = kpe (+b) , kP a constant and

b is the equilibrium bias

One disadvantage of proportional control is ¢ffset the
deviation from set point required merely to generate the
required corrective control signal. For example, the tank
level in Figure 17 would be offset from set point follow-
ing any change from equilibrium demand (see lesson 20-5).

This undesirable cffset can be eliminated with the
use of reset control, for which controller output (CS)I
is proportional to the integral of the error signal, e{t):

(CS)I = kI S edt , kI a constant

Reset control drives the error to zero, ie, returns tank
level to set point, because (CS) 1 keeps changing and
varying inflow until e = o. The required integral signal
for reset control, Sedt, is obtained by passing the error
signal through an integrating amplifier.
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control
Signal

Set

Point | - —
Measured -
Value - -

.
Figure 17 Tank Level Control Loop

Demand

- 23 -
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In practice, proportional and reset control are usually
used together:

(CS)PI = kpe + kI [/ edt (+b)

Figure 18 illustrates the concept of proporticnal and
integral control signals for two hypothetical fluctuations in
the tank level of Figure 17. (NB: assume that demand varies
such that the level fluctuates as shown in spite of feedback.)
In Figure 18(a) the level drops linearly (from set point) to a
new value; in Figure 18(b), the level fluctuates temporarily
below set point. The reader should convince himself that the
value of the reset component of the control signal at any instant
is proportional to the area under the error-time curve up to
that instant in both Figures 18(a) and 18(b).

Figure 19 illustrates typical fluctuation in the tank level
of Figure 17 for proportional-only control, and for proportional-
plus-integral control, following a step increase in demand. Note
that offset is eliminated with the introduction of reset control.
Similarly, reset control can be used to eliminate offset in
controlling reactor power, boiler level, moderator temperature,
etc., in a CANDU station.

- 24 -
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Tank
Level ‘
fedt
! l J 7
// error //
] i
Control+ ]
Signal l
| £
) “L\ (Proportional Component
‘\\ ‘(Reset Component
ht
.
\R‘~
Reset and Proportional .
~\
Tank A
Level
Set Point ,ledt
LA SE S S & t
| error
Controlh {
Signal ]
- y t
i T JKReset .*'T
Sey ¥—Proport10nal

. »
- g
. -

L LT L

Reset and Proprotional

Figure 18 Proportional and Reset Control Signals for

Hypothetical Tank Level Fluctuations

- 25 -
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Demand *
Tank
Level A ‘
|
Set Point'
Offset

Tank k
Level

Set Pointl L, [edt

Proportional and Reset

Figure 1% Tank Level Fluctuations Following

Demand Increase
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ASSIGNMENT

Find the areas bounded by the following. Make large, clear
diagrams showing the representative rectangular area incre-
ment in each case.

(a) the x-axis and the curve y = x? - 6x? + 8x

(b) the parabolas y = 6x - x2 and ¥ = x° - 2x

(c) the parabola y2 = 4x and the line y = 2x - 4.

The radiation dose rate D(t) mrem/h after t hours is given
for a certain work location by the expression

D(t) = 600e” 08¢

(a) Plot a graph of D(t) vs t for 0 < t < 5

(b) Calculate (i) the total dose
(ii) the average dose rate

received during the first 4 hours.

The voltage V{(t}) after t seconds, across a capacitor of
capacitance C farads, as it discharges through a resistor
of resistance R ohms, is given by

vit) = vee T/RC,

where V, is the capacitor voltage at t = 0.

Recall that electrical power P dissipated in a resistor is
given by
_ v
P==%
(a) Find a mathematical expression for the average power
dissipated in a resistance R which drains a capacitance
C for T seconds.

(b) Suppose a capacitor voltage is restored to 6.0 volts
every 2 mg, and the capacitor discharges through a
20 4 resistor during the 2 ms. If the capacitance is
100 uf, select an appropriate power rating for the
resistor from the following:

%W, %W, %w, 1W, 2W, 5W, 1OW.

- 27 -
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4. A lead ball is dropped by a parachutist while descending at
6 m/s, from a height of 1000 m above the ground. The
acceleration due to gravity is 9.8 m/s?. Neglecting air
resistance, f£ind the
(2} wvelocity and displacement functions
{b) time required for the ball to reach the ground
(c) average velocity of the ball during its descent
(d) average height of the ball above ground during its

descent

5. Find the amount of work done in stretching a spring from an

extension of 0.15 m to an extension of 0.35 m if the spring
constant k = 2.4 x 102 Nm-!.

6. The boundary of the parabolic dam illustrated below follows
the curve

_x?
Y7 166

relative to axes as indicated.

Find the

{(a) total force exerted against the dam

(b) average pressure exerted against the dam

(c} center of pressure exerted against the dam

Water Level

- 28 -



7.

221.30-2

The following diagram depicts a hypothetical variation in
the tank level of Figure 17. On the same time axis, sketch
the following for a proportional-reset controller:

{a) proportional component of control signal
{(b) reset component of control signal
(e¢) total output signal.

Tank
Level

Set Point

The following diagram depicts a step decrease in demand
flow from the tank of Figure 17. On the same time axis,

sketch typical corresponding fluctuations in tank level in
the following cases:

(a) no level control

(b) proportional only level control
(c) proportional-reset level control.

Asgume level was at set point prior to demand change. Label
the offset in (b).

Demand

L.C. Haacke
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APPENDIX 1: REVIEW EXERCISES

Review Exercise #l: Reliability

l. A system of 12 dousing valves, tested monthly, has developed
10 failures of individual valves in 8 years' operation.
Calculate the unreliability of an individuval valve.

2. Calculate the annual risk of a nuclear incident at a reactor,
which, during 9 years'operation, developed the following
faults:

{a) 3 unsafe failures of the regulating system.

(b) 50 complete failures of the protective system, failures

of which are detected and corrected at the beginning
of each shift,

3. At a certain nuclear generating station, three independent
divisions of equipment protect against nuclear accidents:

(1) process equipment with a failure frequency of 0.3
per annum,

(ii) protective equipment with unreliability of 2 x 107 %,
and

{(iii) containment equipment with unreliability of 5 x 10-3,

'*leculate the annual risk (freguency) of

{(a) an incident consisting of process failure combined
with simultaneous failure of either protective or
containment systems.

{b) simultaneous failure of all three systems.

4. Monthly testing of 6 safety switches has revealed 8 failures
of individual switches during 15 years' operation.

(a} Calculate the unreliability of a switch.

(b) How, without altering the equipment, could the

unreliability in (a) be decreased by a factor
of about 307

February 1979 | -
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4. (c) How often should the switches be tested if the permitted
unreliability of a switch is 10727%

5.
r*““——““ B
— A C
D
In the above system, a system failure consists of a failure
of either component A, or a failure of at least two of B,
C’ D.
Calculate the unreliability of the system, given component
reliabilities,
Qp = 0.05, and
QB = QC = QD = 0.1.
6. A pump designed for continuous operation has failed 6 times

in 5 years' operation, with total down time of 124 hours.
Calculate the unavailability of

(a) the pump

(b) a system of three such pumps in a 3 x 50% parallel
arrangement.
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Review Exercise #2 (Lessons 221.20-1, 421.,40-2, 321.10-3)

1.

3.

4.

Find the equation of the following lines in the xy-plane:

(a) passing through (2,4) and (3,1)
(b) passing through (~4,5) with slope -%
(¢c) with y-intercept -5 and slope %
(d) passing through (4,-1) and parallel to 2x - 5y + 8 = 0
(e) passing through (6,-2) and perpendicular to 5x + 3y - 2
(f) passing through (-5,-3) with angle of inclination 135°
Given f(x) = x* -2x + 5 evaluate (a) £(0)
(b) £(-5)
(c) f£{(x + a)
Plot vy = x® - 2x + 5 and label the roots on the graph.

Find the slope and y-intercept of the following lines:

{a)
(b}

For each line in Question 4 state the change in

(a)
{b)
(c)

6x - 5y + 8 = 0§

%gx + %y - 1=20

¥ corresponding to an increase of y by 2

y corresponding to an increase of x by 5

y corresponding to a decrease in x of

1

2

—]

0



Review Exercise #3 {Lessons 221.20-2, 3 and 321.10-~4)

1. If s{t) = t2 + 2¢

(a) plot s(t) vs t
{(b) £find the average velocity over the first 2 seconds
(t = 0 to £ = 2)
(c) find.the formula for the instantaneous wvelocity, v(t},
at time t, using

s{t + At) - st}

v{t) = lim
At~ At

(d) find v(2). (Compare with (b))
2, Find v{t) and al{t), using differentiation formulas if

(a) s(t) = -2/% (find v(4))

(b) s(t) = t* - 4t (£ind v(5))
3. Differentiate with respect to x:

2
{(a) 5x? - 2x + 13 (c) -x? + =5
(b) 4¥x? (d) x? - x
VX

4, Find equation of tangent and normal to curve y = x2 - 2x + 3

at fa) x= -1 {b) x =1

5. The decay constant A for a radionuclide is 0.010s™!
{a) Find the activity of a 10 curie source after 2.0 minutes.

(b) There are 3.7 x 10!'? radiocactive nuclei to start with,
How many remain after 2 minutes?

6. Given that a radiocactive source has decay constant
A =1.2 x 10°° s™', find the

{a} activity of a 10 Ci source after 20 hours
(b} half-life of the sourze
(c) time for a 10 Ci source to decay to 1 Ci

{d} number of radioactive nuclei in a 10 Ci source
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Review Exercise #4: Practice in Solving Quadratics

1. At what points is 2 the slope of the curve

Xa 2
Yy = 7 + x° -13x + 107

2. At what instants does the velocity equal zero if

2
s(t) = 2t° +-l%1:—— 10t - 57

3. At what x values are the slopes of the two curves equal?
(a) vy ==x¥; y, =x? + x
3
(b) y1 = 3x* + l%ng vz = 12 + 15x ~ %—

4. At what instants are the velocities equal for the following
displacement functions?

3
S.(E) = % + 262 = 3t ; s, (t) =%—+ 3t? + 4
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Review Exercise #5: (To end of lesson 221.20-4)

l.

Using data tables, find &n x for x = .001, .01, .1, .5, 1
2, 4, 6, 8, 10. Use your table of values to plot a graph
of 4n x versus x.

245

1
(h) log m
(d) 4n e "At

Find (a) 44n e

(c) log 10%t

If A{t) = Ane"kt prove that half-~life ty = 94%23

The decay constant for a radionuclide is 3.8 x 10~ ° s™!l.

Find the

(a) half-life
{b) number of half-lives to decay from 8 Ci to 1 Ci.
(c) time for activity to die down to 1% original
(d) time for activity to die from 2 Ci to 100 uCi

{(e) number of radicactive nuclei in a 2 Ci source

(1 ci = 3.7 x 10'? dps)

. Ak
Given Ak = .008, L = 0,25, Py = 10 watts, P(t) = Pye —Et
(a) find P(t), P%t) at t = 20 minutes

(b) If rated power were 1000 MW, find the time to reach
rated power.

Given P(t) = Pye éEt show that rate log power is directly

proportional to Ak, ’Explain the importance of a rate log
L

meter to reactor operation.

Differentiate with respect to variable x or t as applicable:

(a) %: (b) 2x° - 11x? + 14 (c) -/% + %
xX
(d) e2x® (e) 100e 3t (£) e/t
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Review Exercise #6: (To end of lesson 221.20-4)
1. Differentiate: (a) x!S {b) -2 (¢) x%-x
X =
2
@ e’% (e) e~ l/%
2. Find v(t) and a(t) given
(a) s{t) = 50t - 9.8t2 (b) s(t) = e% + t
(c) s(t) = 2t - 14t? + 5t - 8
3. Find equation of tangent and normal to y = x?> - 6x - 16 for
(a) x = -1 (b) x=3
4. Find equation of the line
{a) through (-2,5) and (6,-1)
{b) through (4,1} and having y-intercept of -3,
5. Find slope and y-intercept of 4x + 5y - 13 = 0.
6. Find the roots of f(x) = x* - 6x - 16.
7. Given Ak = ,005, L = ,12 s, Po = 50 w, find, using P{(t) =
Ak '
—==t
Poe ’
{(a} reactor power after 2 minutes
{b) time for reactor to gain from 1% to 100% power.
_y2
8. Find (a) &n e t (b) log 10y€
9. Given t% = 10 minutes, find
(a} decay constant (b) time for source to decay
from 0.5 Ci to 10 ucCi
10. Find the activity of a source consisting of 2.0 x 10!° radio-

active atoms if the decay constant is 6.5 x 10~* s~! in

(a)

dps (b} curies
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Review Exercise #7: Integration Problems (Lessgon 221.30-1)

1. Find the area under the following curves between the indicated

limits:

(a) y=2x+1, x=0¢tox=275

(b) vy = vx , X =4 to x =9

(c) y= 9% +3x+ 2, x=8 to x = 27

2. Find (i) v(t) (ii) s(t) given the following:

(a) alt) = -2, v(0) =6, s(0) = 0

(b) a(t) = 2/, v(0) = 0, s(0) = 100

(c) a(t) = -t + 3, v(0) = vp, s(0) =0
3. (@ Given ¥ = 4x + 5 findy

(b) Given %% _ find s(t)

(¢) Given %% - 6t Find v(t)

4, Find v{(t) and s{(t) given

(a) af{t) = -9.8 m/s? v{0) = v,, 8(0) =
(b) a(t) = 0 m/s? v{0) = vo, s(0) = 0
(¢} aft) = ¥& m/s? v{0) = vo, s{0) = 10 m
5 Integrate:
(a) x%* - 2 (b) 2t - 4t
(c) vx (@) t7s
@ = (£) — + 14
x2 VYx

6. Find the displacement function s(t) if the velocity function

ls
{(a) wvi{t) = 2t - 3
(b} wv(t) =3 vt + 4

7. Find v(t) and s{t), given
{a) al(t) -5 m/s?, v{0)
(b) al(t) 2t%, v{0)

I
i

10 m/s, s{0)
0, s (0)

i

i
i
I
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Review Exercise #8: {(To end of lesson 221.30-1)

1.

Given f({x) = x® + x? - 17x + 15. Graph y = f(x), and label
the roots of f£(x) = 0.

Find the roots of £!(x)}) = 0, given f£(x) as in Question #1.
What is the significance of these roots to the curve y = £(x)?

Find the equation of the tangent and normal to y = f£({x) of
Question #1 at x = 1.

Evaluate
2 —
(a) eﬁn 0.1 (b) 10log t (c) 2n e 2/t
(d) log 10Y (e) -tn e 0<% (g 10%09 100 () g*n AT

A source consisting of 8.6 x 10!'? radicactive atoms is
decaying at the rate of 7.5 x 10? dps. Find

(a) the decay constant
{b} the half-life
(¢) the time required for the activity to die to 1 ucCi.

If the half-life of a radionuclide is 8.4 minutes, find
{a) the decay constant
(b} the time for source activity to decrease by a factor

of 1000.
Differentiate:
3—
(a) x7 - 6x? + ¥*x (by X 1
VX
(c) W%° (d) x2/5+:§-
2 2
(e) e~2/% (£) X 74

3 1
(@) /x(x® - 2)
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10.

11,

12,

- 10 -

If reactor power builds up from 100 W to 1000 MW is 5.0
minutes and the mean time between neutron generations is
.1 seconds, find the reactivity.

dnN

If N{(t) = Nuehlt' prove that I = -aN.

Find the eguation of the line

{a)

(b)

(c)

{a)

(b}

{c)

(d)

parallel to 5y - 2x + 3 = 0 and passing through the
origin

perpendicular to 5y - 2x + 3 = 0, and having the same
y-intercept

having an angle of inclinaticon of 45° and the same
x-intercept as 5y - 2x + 3 = 0.

Given fl(x) = -2x + 0.4, find f(x) if £(0) = -7.
Given acceleration a(t) = -2 , v{0) = 1, s(0) = 4,
find v(t), s{t). VE

a

The R/C of g(x) with respect to x is - Z " 10. Find
g(x).

Yy increases 3 times as fast as x. If y = =5 when x =
find vy as a function of x.

Find the area under the curve

{a)
(b)
{c)

y = x° from x = 1.5 to x = 5

0 tox=3

il

X
e from X

¥
X from x

1l to 8

Yy

0,
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p 0.01 s~1

graph paper.)

the

earth's

Mo is

Review Exercise #9: (To end of Lesson 221.30-2)
1. Plot y = 1,5%, -5 < x £ 10.
2, Plot A vs t where A(t) = Aoe_kt, Ay = 100 Ci, and
{(a) using semi-log graph paper for 10 < t < 1000
(b) using linear graph paper for 0 < t < 1000 s.
(Note the advantages/disadvantages of logarithmic
3. The force F to extend a spring varies directly as
extension x in meters.
le, F = kx, where k is called the spring constant
{a) Prove that the work done in stretching the spring x
meters equals %kx*.
(b) How much work is done in stretching a spring by 0.25 m
if its spring constant is 1.2 x 10° N/m?
4. The force of gravity, Fg, on a satellite of mass M, varies
inversely as the square of its distance x from the
centre, ie, P — GM Mg
g )
where G is the universal gravitation constant, and
the earth's mass.
(a) Prove that the work done by a rocket to lift a satellite
d meters above the earth's surface (neglecting friction)
is '
W= GMoMgd
Re (R o+ d)
where R, is the earth's radius.
(b) How much energy must the rocket provide to free the
satellite from earth's gravity altogether?
5. Translate the following rate~of-change statements to

differential equations:

{(a) The torgque T on a wheel equals the product of

the

wheel's moment of inertia I times the time rate of

change of the wheel's angular velocity, w.

- 11 -



12

221.40~1

7.

(b) The voltage V across an inductor equals the product of
the inductance L times the rate of change of the current
i with respect to time.

For a poison-injection shut down of a reactor, gadolineum
(Gd}) is injected into the moderator at a concentration of

20 mg Gd/kg D,0O. This Gd must be removed before the reactor
can be restarted. Moderator cleanup is achieved by cycling
the moderator through ion exchange columns, and the concen-
tration C(t) of GAd remaining in the moderator after t hours
is given by the expression.

c(t) = 20 e~ 9-35t mg Gd/kg D,0
Find:

{a)} the time required to reduce the concentration to 0.8
mg Gd/kg D,0, at which the reactor can be restarted.

(b} an expression for the rate at which Gd is removed,
as a function of time.

(¢} the total reduction in Gd concentration during the
first 10 hours.

{d) the average rate cf Gd concentration during the first
10 hours

(e} the instantaneous rate of Gd removal at half-time
(t = 5 h). Why is this rate different from that of
(d)z?
(f) the average concentration during the first 10 hours.
For the V-shaped hydraulic dam illustrated below, assuming

water level coincides with top of dam, find:

(a) the total force exerted by the water against the face
of the dam

(b} the average pressure of the water against the dam
face

(¢) the center of pressure exerted by the water.



L.C. Haacke
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Mathematics - Course 221

APPENDIX 2: QUESTIONS BEARING DIRECTLY ON COURSE 221 CONTENT
FROM RECENT AECB NUCLEAR GENERAL EXAMINATIONS

l. Question #6, October, 1978

Neutron power {linear N), logarithm of neutron power {log N},
rate of change of neutron power (linear rate) and rate of
change of logarithm of neutron power (rate log) are four
types of neutron power signals used for CANDU reactor control.

(a) Which of these signals are uged for reactor regulation:

i) at low power?
ii) at high power?

In each case, explain why the signals you selected are
required in order to provide adequate reactor regulation.

(b) Of the four signals listed previously, linear N, linear
rate and rate log are used for CANDU reactor protection.
Which one(s) of these signals is (are) more likely to
respond to dangerous conditions and to activate the pro-
tective system(s) when the reactor is:

i) at low powexr? Explain,
ti) at high power? Explain.

2. Question #7, October, 1978

The above diagram is a schematic representation of the typical
dump valve arrangement for a reactor with moderator dump. The
opening and cleosing of valves D, E and F are controlled by
channels D, E and F respectively. During five years of reac-
tor operation, the electronics of channels D, E and F were
tested three times a week and four unsafe failures of indi-
vidual channels were found.

(Cont'd)
February 1979 ' ' -
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2.

3.

Question #7, October, 1978 (Cont'd)

{a) Calculate the unreliability of a dump channel.

(b} If the correct operation of one dump line is sufficient
to achieve an efficient dump,

i) list the various combinations of channel failures
that will cause dump system to fail:

ii) calculate the unreliability of the dump system due
to dump channel failures.

Question #5, June, 1978

X X X
X X X

The above diagram is a schematic representation of the typi~
cal dump valve arrangement for a reactor with moderator Qump.
In five years of operation of this reactor, six failures (to
open} of individual valves were found. The dump valves are
tested twice a week.

(a} Calculate the unreliability of:

i) a dunp valve,
ii) a dump line.

(b) Suppose that you have a dump system consisting of a
single Qump line. Give and briefly discuss one advan-

tage and one disadvantage of using two dump valves in
that line instead of one.

Question #7, June, 1977

Give and explain four advantages that result from using trip-
licated instruments arranged in two-out-of-three tripping
circuit instead of a simple circuit actuated by a single
instrument. '
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Question #11, June, 1977

In a control room we usually find meters which indicate neu-
tron power on a linear and logarithmic scale.

(a) Draw two simple instrument dials, one showing a linear
scale with values of neutron power from 0 to 100% and
the other a 1o?arithmic scale with values of neutro
power from 10->% to 100%. -

(b) Given that 200 megawatts is 100% power, mark and iden-
tify the positions on each scale which correspond to the
following power levels:

i) 50% power
ii) 400 watts
iii) 10 kilowatts

Question #8, October, 1976

Give and explain three reasons why reactor safety systems
should be tested routinely.

Question $#1, June, 1975

100

%2 Full Power

The above diagram represents the face of an instrument which
indicates neutron power on a logarithmic scale. Given that
100 megawatts is 100% power, mark the positions on the scale
which correspond to the following power levels:

{a} 50% power

{b) 0.005 megawatts

{(c} 500 watts

NOTE: Mark the positions on the above diagram,
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NOTE :

Recent AECB nuclear general examinations have contained
many more questions impinging on course 221 content -
questions regarding nuclear decay rates, rate of fission
product buildup, variation of reactor power with time fol-
lowing reactivity changes, etc. No doubt such topics can
be discussed qualitatively without any use of calculus
{and gualitative discussion is all the AECB requires), but
a guantitative treatment of such topics certainly does
involve the use of calculus. Thus a background knowledge
of calculus concepts can hardly fail to gquicken one's
insight into such topics, and to aid one's ability to dis-
cuss them definitively, even at the descriptive level.

L.C. Haacke
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APPENDIX 3: SOLVING QUADRATIC EQUATIONS

I Introduction

A quadratic fumetion is a function of the form
f(x) = ax® + bx + c,
where a, b, ¢ are real constants.
A quadragtiec equation is an equation of the form

2

ax“ + bx+c=20

II Roots of a Quadratic Equation

The roots of a quadratic equation are the x~values which.
satisfy the equation. Therefore, to solve a quadratic equation
is to £ind its roots.

The roots -of the quadratic equation,

ax? + bx +c = 0

are given by the formula,

_'-b t /bZ = dac_
2a

X

The quantity b?-4ac is called the discriminant, designated
"D*. The value of D determines the number and nature of roots
of the gquadratic, as summarized in the following table:

vValue of D = b2-4ac | Number and Figure
Nature of
Roots
>0 2 real roots 1,2
0 1 real root 3,4
<{ 2 complex 5,6
roots
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III Graphical Solution of Quadratic Equations

The graph of a quadratic function y = ax? 4+ bx + c is a
parabola, and the roots of the corresponding quadratic equation,
ax? + bx + ¢ = 0, are the x-coordinates of the parabola's
X=intercepts, since y = ¢ at these x-values.

The "ax?" term dominates the value of ax? + bx + ¢ for large
values of %, and therefore, the sign of “a" governs whether the
parabola opensg upward or downward, as summarized in the following
table:

Value of "a" Parabola Opens As in Figures
>0 upward 1, 3,5
<0 downward 2, 4, 6

The graphical significance of "a" and "D" values is sum~-
marized in Figures 1 to 6.

Iv Examples

(1) vy
(2) vy
(3) vy

2x% - 3x - 4
~-x% + 6x =~ 9
X + X + 2

{(a) Graph each of the above quadratic functions.

(b) From the graphs, find the roots of the corresponding
quadratic equations.

(¢) Calculate the roots by formula.
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Summary of Graphical Signjificance of

values of "a" and "p" = b? -~ dac"
a <0
Figure 2
2 real roots x;, X2
b4 {D > 0} v
X
D x
X1 X3
Figure 3 Figure 4
: 1 real root, x,
D=1
Yy ¢ ) Y
Xy
&9 x
- X
X3
Figure 5 ' ' Fiqure 6
_ 2 complex roots ' E
y {D < 0) Yy
& .
N7s x




Seolutions to Examples:

1.

(a)

% -2 -1 0 1 2 3

y 10 1 |-4 |~5 | -2 5

(b} From graph, voots of 2x? - 3x - 4 are approximately
_0.8' 2.3-

(c) a=2,b=«3, c=-4
roots are x = —{=3) < :E-3))—4[§]f—4)
2(2

3 + /4T
4

(a)




(a)
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The graph indicates that =x? + 6x - 9 = 0 has only
one root, namely 3.
a=-1,b=6,c=-9
-6 * /62 - 4{-1) (-9)
2(-1)

. » Yoots are x =

-6 X /0
~2

%2 '+ x + 2




22L.8U=3

{b} Since the parabola does not intersect the x-axis,
x2 + x + 2 = 0 has no real roots.

{c¢} a=1, b=1, ¢ = 2

. . roots are x = ~1 + /12 7-"4(1) (2}
2{(1)

.-l /=7
Z

“Since b* -~ 4ac <0, roots are complex.

v Other Methods of Solving Quadratics

Alternative methods for solving guadratic equations include

(1) factoring, and
(2) completing the square.

Trainees are not required to be able to use these alternative
methods, but may use such methods at their discretion.

ASSIGNMENT

Solve each of the following quadratic equations
{(a) by graphing the associated quadratic function
(b} by using the formula. |

1. x2 -3 =0

2, %2 -2x-8=0

3. 4x?% -~ 15x + 9 = 0

L,. Haacke
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APPENDIX 4: ANSWERS TO ASSIGNMENTS AND REVIEW EXERCISES
421.10-4 Assignment

1. (a}y 1lo? (b) 10 (c] 10°% (@) 1012
(ey 1078 (£} 1a¢—® (g} 1Q+* (hy 10™*%

2 (a} 1Q-?2 (b} 10~% {c} 102 (@) 1
(e) =107 (f} 1la0?°? (g} 101° (h) 1g—13
(i) 1o0? (3} 10—?11 (k) 10t% (1) =10

3. (a) 100 (b) 0.001 (c) 100,000 (d) 0.000001
(e) 1,000,000 (£} 0.0001

4. (a) 1.65 x 10° (b) 6.93 x 10* (c) 3.75 x 10
(d) 2.5 x 10=? (e} 2.934 x 103 (£ 1.01 x 10-?
(g). 1 x 10" (h) 2.0 x 10~* (i) -2.49 x 10?2
(3 9.7 x 10~! (k) 1.76 x 10~} (1) 2.7
{m) 9.57 x 10% (n) 1.75 x 10~ %* (0) 2.4 x 107
(p) 3.2 x 1012

5. (a) 2.4 x lo? (b} 5.6 x 1012 (¢} -1.1 x 101*
(d) =-4.3 x 10° (e} 4.5 x 1012

6. (a) 9.3 x 10° (b) 6.9 x 10° (c) 3.4 x 107
(d) 5.5 x 10 12 (e) 5.5 x 102

7. (a) 2.3 x lo-!? (by 9.4 x 10~%

April 1980
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(a) =103
{(a) al®
(e} m®
(1) a'*
{m) a%
(a) 27
(&) -35
(i) 1%
(a) 1

9.1 x 10~ %%g

6.2 x 10'® fissions/s

{a) 1lla

(c) 25x + 20y

(&) Bk = 2]

(g) 4xy? + y

{i) -5%x - y + 4z

(a) -2y

{e) x

(1) -24x%y*p

421.20-1 Assignment

(b)

(b)

(£}

(1)

(n)

(b}

(£)

(b}

(b)
(d)
(£}
(h)

(b)

(£)

(1)

9 (c}
g_z_ alo (C)
al® (g)
-27a’ {k)
9x%y (o)
1

I3 {c)
3 (9)
4x° (c)

bzz

20

= wra W
[\
W

TS

3%a?p?

6x* + 6x + 5xy + 5

8a + 5b + l2c¢
l0a

4x%y? + 1 - x

x b

{(c)

(h}
(1)

(p)

(d)

(h)

(d)



10.

(a)
(c)
{e)
(g)
(1)

(a)
(c)
(e)
(g}
(i)
(k)

X2

12a?2 =23ac + 1l0c¢?

0

a? -1

3x - 8
32m2nx

-18my + 15ty
2x - 23y

3c + k

-3a - 6x

2xy

- 4xy ~ 32 y?

(b)
(d)
(£)
(h)
(3}

(b)
(4)
(£)
(h}
(1)

15x2 + 22x% + 8

» 2

X - Y
2x + 5y
4x + 5

-{x? + x - 3}

-36ab2c?d
20h - 30k
x? + xy
-b + 7c¢
2ab

221.40-4
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421.40-1 Assignment

1.
Y
F )
1+ 10
§(15,10)
u(-3,8)Q 00
T 5
Q(-2,90 (G P(3,4)
¢ } } } ? x
-5 0 5 10 15
©s{4,-2)
(® R(-5,-4)
+ -5
w
3. (a) 12 A (b) 2.4 Q
4. (a) 893 kpa (b) 12.5 em



(a)
(b)
{c)

£(6)

H(0)

d(p)

{(a)
(b)
(@)
(d)
(e)

C{r) = 2nr

d(t,v) = vt

A(r,h) = 2mr?
= 9; £(0) =
= 9; H{(l) =

12

no real roots

—2-9; _002, 3.

3, =2

-1.53, ~0.33,

421 .40-2 Assignment

+ 2mrh
-3; £(-2) = =7

0; H(a) = 0

since curve does not cross x-axis

1

1.87

221.40-4
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321.10~3 Assignment

l'

(a) (i) R = 1.670 (ii)

(b) (i) R = 2.178 (ii)

(a) 7.4 x 10~% s—! (b}
1

(a) 3 (b) 0.6 (c)

(e} -0.2 (£) =10 (g)

0.84 kQ

1.1 x 10% hr,

(a) =3.1 (b) -9.8 (c}

(e) 1.1 (f) -11 (g)

(h) x= 7% = 1.1 x 10" (i)

(3) x = 4%5"% = 1.6 x 102 (x)

(1) x=67"% = 6.9 x 10°%

{a) % log X + % log ¥ +.% log 2

(b} log X + ég-log Z ~9 logy

(c)

% log X - f% log ¥ + % log 2

1 = 1'2 A.
I = 4.6 x 10°2 A,
2.6 h
g (ay 4
10 (h) 8
2. (a) 1.7 % 10?
27
x =3 =19
x = 92°! = 1,0 x 102
x = 17'%*¢ = 4.7 x 10%°



321.10-3 Assignment

8. (a) 1339.43
(d) 50.12

9. (a) 9.1 x 102

321.10~-4 Assignment'

4. 3.3 minutes

5. 1.55 x 10%® MPC

6. 19.5 s

(b)

(b}
{e)

0.46

3.02 x 10 %

5.01 x 10~°5

(c)

1.2

{c)
(£)

(d)

221.40-4

25.31

0.76

3.2 x 10°



221.10-1 Assignment

3 x L0-?

2 x 10"

(a) 1.4 x 10°°

1.7 x 10™2

4 x 10"

3 x 10”°

every 4 weeks

(b}

1.4 x 10738
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221.20-1 Assignment

1.
Slope Angle of Equation
Inclination
4 o -
(a) 5 53.1 4x -3y =0
(b) 'g- 146.3° 2% + 3y - 6 = 0
{c) -1 135° X +y=20
{a) 0 oe y=-2=20
(e} oo 9p¢° x+3=0

2. Slope PQ = slope QR = ¥%; Q is common to segments PQ, QR
.. P,Q, R are collinear.

3.
Slope x = intercept Yy = intercept
(a) -1 4 4
5
(b) 7 4 -5
6
(c) 0 none r
. . ' - 4
{d) [undefined 15 none
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221.20-2 Assignment

Tangent slope at (x,f£(x))

Tangent Slope at x

{a) 10 x - 2 18
2 1
(b) -5 1

2

(a) 8x® - 12x2 (b) 2% .23

a X
3 3
@ 2 °f T AT

(a) 2x - b

(c) 2ax + b

(a) 11

{(b) 1o0x"* - 3x?

(c) 3‘3

{(b) -3

(c) L and 1




221.40-4

221.20-3 Assignment

1. (a) -4 (b) -2 () ¥
2. (=1,-3)
3.
Tangent Equation Normal Equation
{a) X+y-2=0 x -y=20
(b) y = 4 x =1
4.
v(t) v(2) a(t) a(2)
(a) 16t - 3 29 16 16
(b) -8t - 4t° -48 -8 - 12¢2 -56
(c) 20t - 80/t? 20 20 + l60/t? 40
5. 25m

6. PRoots of f'(x)

= 0 are x = 2,73, -0.73; y = £(x) hasg a
local maximum at x

= =-0.73, and a local minimum at x = 2.73.

- 11 -



Z21.4U=4

12 -

(a)
{c)

(e)

2x ex®-4

-1

221.20-4 Assignment

(b} e~X%

l.
(d) x~ frgmx” A or x e #X

-1 - 3
%Gt%-t Amt% ¢ 4

(a)
(b)
(c)
(d)

(e}

0.45 Ci

(i) 5.2 x 103

(i) 0.34 Ci
48 minutes
4.4 hours

(ii) 1.1 x 1o0'?

(ii) 7.1

mCi

3
(£) x—ke--l/x
(a) (i) v(t) = et - 3¢?2 (ii) a(t) = e% - 6t
(iii) v(2) = e? - 12
. -t P - -t
(b} (1) v(t) = =e + 2 (ii) a(t) = e
(iid) v(2) = 2 - e~2
t 0 0.25] 0.5 1 1.5 | 2.0 | 2.5 {2.75 3
8 1 1.27 ] 1.52] 1.72} 1.10]-0.61]-3.44}{-5.15|~6.91
v 1 1.20] 0.90 }0.28{-2.271-4.61|-6.57{~7.04|~6.91
a 1 |-0.22 }-1.35 |-3.28}{~4.52]-4.61{~2.82|-0.86] 2.09
9.3 x 10712 sg~!




221.40-4

6. see text
7. By definition of t,, 0.52, = Age Aty
. In 0.5 = —kt%
- _ In0.5
R ey e
But In 0.5 = lnk = In2”! = -in2
. _ 1ln2
S B
9.
t. 0 1 2 3
N{t) 10%2% | 7.94 x 10'? | 6.31 x 10%°® 5.01 x 101°
t 5 10 15 ! 18
t
N{t) ! 3.16 x 10%® 1 9.99 x 10*®* ) 3.16 x 10'* | 1.58 x 10'°®
: l
10. t(s) P (W) P(S$F.P.) o (3F.P. /3)
0 100 1 x lo—* 5 x 10~§
20 2.7 x 107 2.7 x 10™* 1.4 x 10°°%
49 7.4 x 107 7.4 x 107* 3.7 x 10°°%
60 2.0 x 108 2.0 x 10™° 1.0 x 1g™*
80 5.5 x 103 5.5 x 10~ 3 2.7 x 10™%
100 1.5 x 10* 1.5 x 10™2 7.4 x 10°%
120 4,0 x 1lo* 4.0 x 10~2 [ 2.0 x 10-3
140 1.1 x 10° 1.1 x 107! i 5.5 x 107°
160 3.0 x 10°% 3.0 x 10°1° E 1.5 % 102
180 8.1 x 10°% 8.1 x 1071 bo4,1 x 1072
200 2.2 x 10% 2.2 § 0.11
220 6.0 x 1068 6.0 b 0.30
240 l.6 x 107 16 | 0.81
260 4.4 x 107 44 | 2.2
280 1.2 x 10° 1.2 x 10°? 4 6.0
300 3.3 x 10°® 3.3 x 10¢% i i6.3

- 13 =~



{c)

(d)

(e)

11.

...14_

The rate at which the needle moves across the linear scale
(linear rate) increases exponentially with time--the needle
moves imperceptibly for about 3 minutes, then moves ever
more rapidly across the scale, covering the final half of
the range in just 14 seconds. This is just as one would

expect from the mathematical expression

3

o
Pi(t) = SE p(r) = B Ppe *

The rate at which the needle moves across the log scale
(rate log P) is constant, ie, the needle advances by the
same amount each 20 seconds. This is in agreement with the
mathematical expression

d _ Ak .
IF log P(t) =5 log e (cf. question 12)

linear scale more sensitive at high power:; log scale at
low power

(1) signal output proportional to log P is more sensitive
to changes in P at low power (<10% full power, say)

(ii) signal output proportional to P is more sensitive to
changes in P at high power

See text
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221.20-5 Assignment

Force F equals mass m times R/C velocity v wrt time t.

Angular wvelocity w equals R/C angular displacement &
wrt time t.

Angular acceleration o equals R/C angular veloctly w wrt
time t.

Torque T equals moment of intertia I times R/C angular
velocity w wrt time t.

Force F equals rate of decrease of potential energy E
wrt distance r from force center.

Power P equals time rate of energy output (or conversion).
Electric current i equals rate of flow of charge q.

Capacitor current i, equals capacitance C times R/C capaci-
tor voltage V. wrt time t.

Inductor voltage V; equals inductance L times R/C inductor
current i; wrt time t.

Rate of decrease of number W of radiocactive nuclei remaining
at time t equals decay constant A times N.

Rate of decrease in radicactive source activity A equals
decay constant A times A.

Rate of decrease in number N of nuclear projectiles equals
macroscopic cross section I times penetration depth x.

‘Linear rate' power P equals reactivity Ak times power P
divided by mean neutron lifetime L.

'Rate log power' equals reactivity Ak divided by mean neutron
lifetime L.

Specific heat capacity C of a substance equals R/C quantity
Q of heat stored in substance wrt temperature T of substance,
divided by the mass m of the substance.

Heat Q flow rate (in a fluid) equals specific heat capacity
C times temperature difference AT across system times mass
m flow rate.

- 15/



- 16 -

Heat H flow rate equals minus thermal conductivity k times
cross sectional area 3 times R/C (rate of increase) tempera-
ture T wrt depth x in conducting medium. (Minus sign indi~
cates directions of heat flow and increasing temperature are
opposite.)

R/C of gas volume V wrt temperature T equals number n of
moles of gas times gas constant R divided by gas pressure P.

Voltage V induced across a coil equals number N of turns in

coil times rate of decrease in magnetic flux ¢ linking the
coils,

See Table 1, lesson 221.20-5.

6.0 x 10™°N
/s = di]-
(@) Vy = ~Me=
(b) (i) Va{(t) = 6t? -~ 12t (i1} V,(2) = 0
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221.30-1 Assignment

l. see text

2. sSee text

3. (a) —% x% + C (b) et + l;tu + C
{c) - %—xa + %xz - 5x + C (d) 2" 4 ¢
() x* - %-;/3 +C 5y -t 4 %ts/z +C
4. _
u_ vt} s (t)
(a} H 0 0
{b) h 2¢ + 10 t2 + 10t + 14
(c) 'l t?2 + v, %— t? + vyt
(d) -ﬂ 11 - e~t e~ 4 11t - 11
5. s(t) = vt - 4.9¢?
6. (a) 99 (b) 373
(¢) 723 (d) %(1 - e~")
7. (a) 194 (b) 77.5

(c) 23 - e?



18 -

221.30-2 Assignment

{(a) 8 sguare units (b) 21% square units

(c} 9 square units

() (i) 7.2 x 10?% mrem (ii) 1.8 x 102 mrem/h
(a) Va;c (1 - e-2T/ RS (b) 1W
{a) wvi{t) = -6 -9.8t ; s(t) = 1000 - 6t - 4.9t?

{bY 14 seconds
{¢) =73 m/s
{(d) 6.5 x 102 m

12 7

(a) 1.6 x 0% N (b} 9.8 x 10* Pa

(c¢) at (0,11)



221.40~1 Review Exercises

Review Exercise #1

1. 4 x 10~°¢
3. fa) 2 x 1073

4, (a) 3.7 x 10 8

2'

{b)

(b)

(c} test every 12 weeks

5. 0.08

6. (a) 3 x 1073

Review Exercise #2

1. (a) 3x +y - 10

(¢ 2x - By - 25

(e) 3x - 5y - 28

2. (a) 5

(b)

=0 (b)
= 0 (@)
(£)

n
o

(b)

(c) x? + 2ax - 2x + a? - 2a +

3. no real roots

.
&

m

=

Q

o

0]

n
i} oy

= -1
(b) slope = 10

by (1) 6

() (i) -%

-
rF

y-intercept

: y-intercept

(ii)

(ii)

(i1)

8 x 10~
3 x 10°¢

test daily

2 x 1078

4dx + 3y + 1 =0
2x -~ By - 13 =0

X+y+8=20

40

221.40-4

- 19 -



Review Exercise #3

1. (b) 4

2. (a) wv(t)

m/s (c) 2t + 2 m/s (a)

i

-3
=1/VE ; v(4) = -% ; a(t) = %t .A

3.1 x 10°%°®

(b) wv(t) =3t -4 ; v(5) =71 ; a(t) =6t
3. (a) 15x%x? - 2 (b) 8
37x
(¢) -2x - 4x~ % (4&) 3x - 1
2V
4, (a) tangent 4x +y - 2 =0
_ normal x - 4y + 25 = 0
(b) tangent y = 2
normal x = 1
5. (a) 3.0 ci (b) 1.1 x 10?8
6. (a) 4.2 Cci by 16 h {c) 53 h (&)

Review Exercise #4

1. (-5, 53%) and (3,-11)

= -3

2. t 2
3 {a) =
(b) x

= 3

4 t 3

and t = %

1 and x = -%

= —= and %



Review Exercise #5

2. {a)
4, (a)
{e)
5. f{a)
(b)
7. (a)

(c)

(e)

2.5 (b) -4

5.1 h (b) 3
1.9 x 1o0'®

P=4.8 x 10*'7 w

9.6 minutes

-3/vx?
1

2
27k %%

—400 e 4t

Review Exercise #6

1. (a)
{c)

(e)

2. f(a)
- (b)
(c)

3. {(a)

(b)

15x*

5 *%% _2 A

3 X 3 X

2 _-1/2{2

x7 ©

v =50 - 19.6t ;

tangent: 8x +.y
normal: X - 8y
tangent: y + 25

normal: x =3

i

-
L

-y

17
71

Pl

(c)

{c)

4/t (d) =it

34 h (d) 72 h

= 1.5 x 10'% W/s
(b) 6x2% - 22x
2
(@) 4xe?®
(£) —F /"
3
(b} x~ %
(a) eJE
2/%
-19.6
et
= 12t - 28
0
0

221.40-4

- 21 ~



BT LN 1

4. (&) 3x + 4y - 14 =0
(b) x~-y ~-3=20

un) s

B. slope = -

9, f{(a) 1.2 % 10~°% s™!
10. (a) 1.3 x 10!? dps

Review Exercise #7

1. (a) 30

3
(by v = %t % 8

; Y-intercept =

13

1.1 x 102 s or 1.8 minutes

(b)

by VY&

(b) 2.6 h
(b} 35 ci
) 12 2
-t? + 6t
%gti4_+ 100

(¢) v = -t2/2 + 3t + vy

s = -t¥/6 + 3t?/2 + vt

3. (a) y = 2x% +5x + C

5
(b) s(t) = %t’é +
4. (a) v(t) = 9.8t + v,

vy : s(t)

(k)  vi(t)

(c) vi{t) % tié + vy

- 22 -

(c)

(e) 1162.1

vit) = 3t? + ¢

9
58 t

7
/3+V°t+10



x3 _ xlI- _ 5
{a) — 2x + C (b) =5 . 2x° + C
2 %% x*
{c) T X + C {d} -~
(e) —%+c (£} 10/% + l4x + C
¥
6. (a) t2 - 3t +C (b) 2t7% + 4t + C
7. (&) vit) = -5+ 10 ; s(¥) = - 3t? + 10t
(b) v(t) = 2% ; s(t) = t'/6
Review Exercise #8
l. Roots are x = -5, 1, 3
2. Roots are x = =2.73, 2.07.
Significance: f' = 0 => tangent slope 0
.. Curve v = f(x) has maximum at x =
at x = 2.07.
3. tangent: 12x +y - 12 =0
normal: X -12yvy - 1 =0
4. (a) 0.1 (b) t? () —% (@)
(e) 0.4 (£) 100 {g) At
5. (a) A = 8.7 x 1075 g™} (b) 2.2 h
{c) 39 h
6. (a) 1.4 x 10”% g~! (b} 1.4 h

221.40-4

-2.73 and minimum

-— 23_-



£, FU—2

7. (a) 7x® - 18x? + 3 XA () %.xié s 1%
(@ 3% @ 2x%-3
(e) é% e/t (£) 2x ¥ - 4
(g) % x4 % x~ 7

8. 0.0054

10. (a) 2x = 5y = 0 (B) 25x + 10y + 6 = O

() 2x - 2y - 3 =0

11. (a} ~x% 4+ 0.4x - 7

_ ] _ 8 . %
(b) vit) =4yt + 1 ; s(t) = =t + t + 4

3
(c) % - lox + C
(d) vy =3x -5
12. (a) 155 (correct to 3 §8.F.,)
(by ea® -1
(c) 11 %
Review Exercise #9
3. (b) 3.8 x 102 J
4 (b) MM /Ry
5. (a) T =1 9w ) ve=rp3

at

-~ 24 =



(a)
(c)
(e}

(£)

(a)
{b)
{c)

-0.37, 5.37 6.

221.40~4

9.2 h (b) ~7.0 e~0-35¢

19 mgGAa/kgD,0 {(d) 1.9 mgGd/kgD;0 per hour

1.2 mgGd/kgD,0, different from (d) since C'(t) is
exponential, not linear in time.

1.7 mgGd/kgD,0.

5.3 x 10% N
0.13 MPa

39 m vertically above "V" bottom

221.,40-3 Assignment
2. -2' 4

4

4l "'3"

-1 + ¥=23 (no real roots)
4

L..C. Haacke

25
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